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2YNOAO TIMQN ZYNAPTHZHZ : H EYPEZH KAI H ZHMAZIA TOY

Bayy£Ang MoupouUkoG — Mnapgnng =Tepyiou
YIIO AIAMOPDPQYXH-AEN EXOYN I'INEI AIOPOQXEIY
Iepidnyn
270 0pOpo avTO EMYELPOVUE VO, EVIOTIOOVUE, VO KOATOYPAWOVUE KOL VO, TEPLYPOYWOVUE UE TYETIKG,
GOVTOUO TPOTTO TNV EVVOLO. , TNV OHUOCIA , TOV TPOTO EOPEGNS KO TIS EPOPUOYES THS TOV TOVOAOD
TIUOV IS TOVOPTHONGS, KOOWS Kol OPLOUEVES TEPITTWOEIS TOV KOTC, THV TOPELQ THG EVPECHS TOV

onuiovpyodvIor ovyve. Aaln N Toporeiyelg.

A. Ac napovpe amod to oxorkd Biprio tov Oetikon Kuklov 10 mapakdTm EpMmTNO LE TNV

amdvINot TOL :

Ti1 Aépe oUvoAo TIHOV Hiag ouvapTtnonG f pe nedio opiopoU To ocUVOAO A ;

Anavinon

YOvoho Tip@V ™G f Aéue 10 6HVOAO TOL £XEL Yo GTOlLYXElM TOV TIG TIUEG TG f o€ OAO Ta

x € A . Eivou dnhadn:
f(A)={y|y=1f(x) 7w kdmolo xe 4}.
To cdvoro tipudv ¢ f oto A cvpPoriletan pe f(4).

Yy6ir0
Otav déivetal n ypa@ikf ntapdotacn C, plog cvvaptnong f, tote:
a) To medio opiopod g f eivar 1o chvoro 4 TV TETUNPEVOY TV onueiov Tng C, .

B) To cvvoro Tipdv g f eivol to GOVORO f(4) TOV TETOYUEVOY TV onueiov g C, .

(o) #)
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Ed® Osmpobdpe cvpPatikd 0Tl av 1 YpAQIKY TOPACTOCN UG CLUVAPTNONG oxeddleTonr mg
GLVEYNG YPOUUN OE £va ST, TOTE 01 TPOPOAEG TV onueimv TG otov A&ova y'y  Ompovpyovv
emiong Oowdomnuo M povoovvoro(av M cvvaptnon eivar otabepn). To yeyovog OTL 1 YpOaEIKN
napdotacn oxedldletol pe TpOTO MOTE G KAMTOW0 SUCTNHO Vo QoiveTol cuveyng etvar PéPara
amoTéELES A aVOTNPNG Be®pNTIKNG HeAéTNG TOL KVpimg Paciletol otnv £vvola Tov 0piov kol 1 omoio
pe m oepd g Pacileton oTig WOOTTEG TOV TPAYUATIKOV aplOudv. [a T1g Yvootéc cuvaptnoelg
AoV , M YPOPIKN TOPACTACT] ONAMVEL OWTO TTOV TNV TPAYUATIKOTNTA €ivarl 1 cuvdptnon :
ovveyne, povotovn kKA. Me dAda Adylo 1 YPOQIKN TOPAoTAGT £ivol pio podnpotiki tpoéTacn
nov ek@paletal pe ewoéva . Eropévog, évag padnme mov oto epamua : << Na Bpeite 10 cOvoAo
TIUOV TNG ovvaptnong f(x)=Inx>> oyedIcEL TN YPOPIKN TOPACTACT] KOl OTOVTHOEL OTL Eivorl TO
R ,e€nyovtog iomg Tov TpOTo Tov T0 €€AYEL OVTO, EYEL OTNV TPOYUATIKOTNTO OTOVTIOEL TANP®G.
Agv KaGver pev amddelln, amavidel OpUmG omotd pe Pacn TG BewpnTikég YVAOGEIS TOV Yo, TN
GLVAPTNON ALTY] .

['a tov A0yo avtd, 1 €0PECT] TOL GLVOAOL TILMV UIAG CVVAPTNONG LE YPOPIKO KOl ETONTIKO TPOTO,
pécw OMAaodn TG YPOPIKNG TNG TOPAcTOoNS , €lval o TP®TO PrHo  omA] GUVETELN U0
TpooekTiknG mapatipnons. Ilo ovykekpyéva , yio va Bpodue 10 GOVOAO TIUOV,  OpKEL va
TpoPaAlovpe TN YPOPIKN TNG TOPAoTACT 6TOV A&ova Y'y Kot VO EVIOTIGOVE Ta dtaoThpata (1] Ta
GUVOAQ) OV OMpIOVLPYOVVTAL Ao TIG TPOPOAES TV onueiov ™S . Q0T000 OU®G , I TO CVCTNPN
€DPECT] TOL GLVOAOL TIUADV LG CLVAPTNONG , OTOUTEL AAAOTE ONUOVTIKEG OAYEPPIKEC TEYVIKEG Kol

GALOTE YVADOELG OO TN GLVEXELD KOL T LLOVOTOVIO TG GLVAPTNONG.

B. IIpw npoympnoovpe oty avamtuén Tov Kupldtepmv TPOT®Y EDPECG TOV GLVOAOD TIUMOV LLOG
GLVAPTNONG, 0G OOVIE OPICUEVES OO TIG XPNOELS TOV KO TIG CNUOVTIKOTEPES Omd TIG TANPOPOpPieg

7OV pog oivet .

H onpacia Tou cuvoAou TIHOV

To oOvoro Tindv f(A) pog ovvaptnong pe medio opiopod A , 1 akopa n ewkoéva f(A) evog
ocuvolov A péow piag cvvaptnong f , dlvel onuavtikég TAnpoeopieg yio Ty GuvapTnon.
IMo mapdderypa :

-  Av f(A)=(0,1) tote cuumepaivovpe 6TL N GLVAPTNON Eivarl BETIKN , OTL T YPAPIKY| TNG

onAaodn Tapdotaot eivor Thve omd tov afova X'x  kabmg kot 6tim 0 < f(x) <1 yo kKabe
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X € A . Amo 1 popon eniong TOL GUVOAOL TIUMV TPOKVTTEL OTL 1) GuvapTnoT f dev €xel
péytoto N eAdytoto, etvar Opmg epayuévn oto A .

- Av f(A)=(0,1], tote extdg amd TO YEYOVOC OTL TAAL M f elvan BeTikn, €0 Exovpe TV
emmAfov mAnpogopia 6tin f €xet péystoto y, . =1, dev €xel dpmg erdyioto, apod To
aplotepd dkpo tov dactniuatog f(A) =(0,1] elvor avowkto.

- Av f(A)=(-2,2), 101€ €k10C 0 10 YEYOVOG 0Tl —2 < f(X) <2 e kébe x € A,
ovumepaivovpe 0t o1 e€lomoelc £(x) =0 ,f(x)=—1,f(x) =1 kot yevikad kébe eElowong g
popong f(x) =P pe Be(—2,2) &et pio tovAdyiotov Aon 6to Ovoro A . Ag ava@épovpe
TpokaTaforikd 6Tl oTNV TEPIMTOON OV 1) cvvaptnon f eivar yvnoimg povotovn, T0Te M
Abon ot etvor Lovodkn.

- To obvoro Tipnav pog 1-1 cvvdptnong f eivar 1o medio opiopod g avTicTpoPng
ovvaptnong £~ .AAAG Kat TO GHVOLO TGV THE OVTIGTPOPNG Eivar TO TESI0 0pLoHoD TNG
OPYLKNG GLVAPTNOTC.

- AV 70 GUVOAO TILAV U0 GVVEXOVC GUVAPTNONG o€ éva dtdotua A ivar vTOGHVOLO EVOC
TEMEPOUCUEVOV GLVOLOL 1] EVOG GLVOLOL TTOV OTOTEAEITOL OO ATELPOL AALG LELOVMUEVOL
onueia (stvor SNAadN 10 TOAD aplBUNCLLO GUVOAD), TOTE 1| CLVAPTNOT CVTN Elvan oTadepn
oto ddotnua A . E@oppoyég avtod Tov onpavtikod copmepdouatog 0o dodue oty
avVTIoTOLYT TOPAYPOPO.

- Av 10 6UVOAO TGV piag ovvaptnone f o éva dtdompa A dev sivon Stdotpa, TOTE
GUVAPTNOT AVTY OV EYEL OPYIKN 6TO OldoTnua ovTo. [IpdKetTan Yo, o 1010iTEPO GNUAVTIKN
TANPOPOPIa TOL O1VEL TO GUVOLO TILAOV UG GUVAPTNONC.

- Av 10 6UVOAO TIL®OV oG cuvaptnong f etvat évoon dlaoTnUdToV Kot To pKpdTEPO 1 TO
UEYOADTEPO OO AKPO TOV SOCTNUATOV 0VTOV £ival KAEIGTO, TOTE TO AKPO T glvar OAKd
axpdtato g f ko cuykekpyéva : OAKd EAAYIOTO , oV TO GKPO Elval TO PKPOTEPO Ko

OMKO péYloTo , av €lval To PeyaAdTEPO.

Epappoyn 1
T1 ovumepaivere yio to GHVOAO TIHAOV pog cuvaptnons f: A — R, av avt) éxet v 101010l
fxX)-D(f(x)—-2)=0 yio kGbe x € A ;
Auon
Mo kabe x € A €yovpe :
fx)-Df(x)-2)=0= (f(x)-1=01f(x)-2=0)<= (f(x) =11 f(x)=2)
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Emopévog 1o obvoro tpuev g f eivar vmoohvoro tov cuvorov {1,2} , dnaaon f(A) < {1,2}.
[To ovykekpyéva, T0 GLVOAO TGV TG cuvaptnong f umopel va eivon :

f(A)={L2} 7 f(A)={I} 1 f(A)={2}
Tovilovpe €dm 611 M oxéon (f(x)—1)(f(x)—2)=0 dev diver f(x)=1 ynkdbe x e A 1 f(x)=2
v KaBe x € A . Me dAla Aoyia, omd v oxéon (F(x)—1D(f(x)—2)=0 xo xopig dAreg

TANPOPOPIeC(TTy TN GLVEYELD) OEV UITOPOVUE VO fpoVpe TOV TOTTO TG cuvaptnong f.

. Ag&exivnoovpue pe éva Pactkd epdTNU OV gival TO KAEWDL YioL TNV EDPECT] TOL GLVOLOV TIUAV

LG CLVAPTNONG.

NoTe 0 apiBuog B avikel oTo cUVOAO TIH®WV f(A) piIa cuvapTnong f:A >R ;
Anavtnon
O apBudg B avikel oto chvoro tiudv f(A) pa cvvdptmong f: A - R | 6tav vndpyet a € A

tétolo, ote f(a)=.

"Eto1, K40e popd mov mpdkettal va amopaviovue av Evag aptBpog avikel 1| OxL 6TO0 GOVOAO TIUDV
g ovvaptnong f , avoatpéyovpe oty Tapamdve ootk Kot GUEST] GUVETELN TOV OPIGLOD TOV
GLUVOAOL TIUMDV.

Me Bdon v Topandve TopaTpnon, TPOKOTTEL OTL

MEOOAOZ= 1

To ocvvoro TIpn@V TG cuvaptnong f: A — R amoteheiton amd gkeiva kon povov 1o y € R , o
T0 0moio VTapyEL £va TOVAG LeTOV X € R |, TéTO10 oTE f(X) =Y .

Me dAha Aoy :

To oOvoro TIn®@V TG suvdpTnong f: A > R amoteheiton o6 ekeiva to y € R , Yo Ta omoia 1
egicoon f(x) =y &ygel pio TOVAGYLGTOV ADOT), 1] 0TTOI0 OPUMS TPEMEL VO AVIIKEL 6TO TEGIO 0PLGPOD
A.

["a va Bpovpe Aodv 10 cuvoro Tnmv g f Bewpodpue v egicwon f(x) =y ot BETovpe yla 10
y  OAOVG TOVG TTEPLOPIOUOVG ,AGTE 1) e&lomon ot va £EL AVOT 6T0 GUVOAO A .

Emonpaivooupe 611 dev apkel n e€icwon f(x) =y va éget Aorn oto R, oAk mpémer 1 Avon ovt

VoL aVIKEL 6T0 A .
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[Ipv TpoY®PNCOLLLE GE EPAPLOYES TTOL OELYVOLY TOV TPOTO EHPECTG TOV GLVOAOD TIUMOV LIOG
GLVAPTNONG , OG OOVUE Ol TAOC PpioKovpe 0ALL TTAOG OTOJEIKVOOVIE OTL 0L GLVAPTNON

f: A - R éyet ohvolo tiudv 10 chvoro B.

Epappoyn 2
M cuvéptnon f:R - R €yet v wdwomra  f((f(x)) =4x -3 v kaBe x e R .Na amoderyfei 6tin

f €yet obvoro Ti®V 10 R .

Auon

‘Eoto BeR .Apkel va amodeiovpe 0t vmdpyet e R, tétolo dote f(a)=p . H mpd npoctddeia

elvar va Bpodpe eketvo 10 x , Yo 10 omoio givar 4x —3=f .Avvovpe g mpog x kot fpickovpe

g0KoAa OTL X, _B+3 )
4
: , B+3 i
v oxéon f((f(x)) =4x -3 Bétovpe x, = = Ko madpvovpe
3+ 3+ 3+

®¢tovpe ooy o =f (%) Ko KataAnyovpe oty oxéon f(a)=p.Apan f £yt 6OVOLO TILOV TO
R.
MEGOAOz 2

IN'o va arodcilovpe 60T pua covaptnon f: A — R €xel ovvoro Tin@v 10 6vvoro B ,

gpyalopaote oG NG :

¢ Amoosikvooope tp@ta 6TL f(x) e B Yo kdBe x € A .

¢ Amodsikviovpe o) ovvEyelo 6TL Yo KG0s B € B vdpyer a € A , tétowo ®ote f(a)=p.

Ymovdaia mapaTipnon
Oa mepipeve kavelg 6t 1 devtepn cuvOkn , NAad OTL yia kébe B € B vrdpyet a € A tétouo,

wote f(a)=p, Ba aprovoe and povn g yia va cvumepavovpe 0tt f(A)=B .Opwnc oty
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TPAYUATIKOTNTO AVTO TOV AmOdEIKVOEL 1] GLVONKN avth gival 0Tt kéBe otoyeio B e B avrkel oto
ovvoro ey f(A) g f , oniadn o6tt B < f(A) . 'Exovrag dpmg kan tnv TpdTn cuvOnkn, ott
omAaon f(x)eB v kabe x € A, e€acparilovpe 6t f(A) < B, omdte tehika Oa eivon f(A)=B

" AvTi-napadsiypa "

Noa amoderybel 611  cuvapnon f(x)=e* €xet cuvoro Twmv to dtdotuo B =(1,+0)

" AnodeiEn"

H f éyermedio opiopod 10 A =R . Apkel emopévog va " amodeiovpe" 0tL yio kébe B> 1
vrdpyelt a € R pe f(a) =P Ouwg

f(a)=p=e"=p<=a=Inp
Emopévog f(R) =(1,+0) . To AdBog éykettar 6To YeYovog OTL OIS YpAyape 6To oxOMO, TPETEL VO

amodeifovpe emmAéov kat v ovvOnNkn f(x) > 1y kKGbe x eR , 1 omoio Op®G deV 1Y VEL.

A. H eUpeon Tou CUVOAOU TIH®WV- BAOIKEG EPAPHOYEG

A.1. Ac Eextvoovpie TV €DPEGT] TOV GLVOAOL TIULMV HIAG GLVAPTNONG LE YPNOT LOVO TOV

OPIGLOV Kot TV PACIKOV epyareinv TG dAyePpoag

Epappoyn 3

Na Bpeite T0 6HVoOro TIH®Y TN ouvapTnong f(x) =x*—2x -5 .

Auon

[Tpoxertan yio tedelwg amAr] epapproymn, Oelyvel OUMG TO GKETTIKO Y10 TNV EVPEGT TOV GLVOAOL
TV pe kabapd alyefpikd Tpdémo mov Paciletal oTov opiopud Kot povo.
To ovvoro Tiw®Vv g cvvaptnong f: A — R anotekeiton and exeiva kot pévov ta y € R, yia ta

omoia 1 e&icwon f(x) =y £€xel Aon oto medio optopov A =R g f.

BayyéAng MoupouUkog — Mnaunng Zrepyiou : ZYNOAO TIMQN KAI EGAPMOrIEZ



Xelida 7 amd 24

Onog
fx)=y = x*-2Xx-5=y<x -2x-5-y=0
H e&icmon avutn, og e€icwon B’ Babuov , £xet Ao, av Kot Hovo av :
A>0=4+4(5+y)20<y=>-6
[Ipopavag, o1 AMoelg g e&iowong avtng aviKovy 610 edio opispov R g f . Apa to cuvoro
TILAOV NG doopévng cuvaptnong ivatr to f(R) =[—6,+x).
AG dodue Twpa Eva ToPOUOLO TOPCOELYUO. UE OAAAYUEVO TO TTEDLO OPIoUOD:

Eqpappoyn 4

Noa Bpeite 10 6Hvoro TiudvY ¢ cvvapmong £(x) = x> —2x — 5 pe medio opiopod A =R —{1} .
AlUon
To ovvoro Tiu®V g cvvaptnong f: A — R amotekeiton and exeiva kot pévov ta y € R, yia ta
omoia n e&icmwon f(x) =y éyer Aon oto medio opiopod A =R ¢ f.
Opmg
fx)=yox*-2x-5=y&x*-2x-5-y=0 (1)
H e&lomon avtn, g e&iowon B’ fabuov , £xel Ao, av Kot Hovo av :
A>0=4+4(5+y)20<=y=>-6

Ene1dn 1o medio opiopov dev eivar 1o A =R, tpénet emmAéov va eEETAGOVILE OV Yol AVTE TOL Yy
pia tovAdyiotov Abon g elowong (1) avnkel oto medio opiopod R g f .

Ag 000 e OUW®S TPOTO PTG VILAPYEL ¥ = —6 , Y10 T0 omoio N e€lomon (1) €yet Avon v x =1.
Mo x=1m (1) diver y=-6 . Aev gipaote OU®G KOO ETOLLOL Y10, VO OTOPPIYOLLLE TNV TN OUTY.
[pémer va e€etdoovpe v cvpmepipopd g e€licwong y =£(x) yio y=—6 , d10TL avth givor Telkd
1N TO ...0puHoOd. oYEom Yo va amopocicel av Ba deytovpe 1 av Bo e€apécove KAmOLM T OO
TO GUVOAO T®V. AAMAG Yoo y=—6 1 (1) yiveton :

X’ =2x-5+6=0x"-2x+1=0<x=1¢D, =R {1}

Apa To GUVOAO TIL®V TNG doouévng cuvaptnong eivat 1o f(A) = (—6,+x).

MNapaTinpnon
Ac vmoBécovpe 6Tt OEhovLE Vo PBpodpie To GHVOLO TIUGY TG cuvaptnong f(x)=x>—2x -5, e
x # 2. Onwg 6ty mopandve doknon maipvove :
fxX)=yeox*-2x-5=y<x*-2x-5-y=0 (1)
[Ipéner
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A20<=4+405+y)20y=>-6

H e&iowon (1) ywa x =2 (mov dev aviKel 610 medio opiopov) divel y =-5. [IiBavov Aowmdv toy = -5

va unv aviketl 6to tedio optopol . AALA 1 10w e€lowon yio y =—5 diver :
x?=2x-5+5=0=(x=01 x=2)

Enedn) x =0€D, , 1eMKd 10 y = —5 aviKel 6T0 GUVOAO TIHAV Kot £Tot f(A) =[-5,+00)

Eqpappoyn 5

2
—2x+
Aivetar n ovvaptnon f pe tomo f(x) = Lxlz Noa Bpebel to ohvoro Tyudv g f.

Auon
[Mpéner x —1#0 < x# 1, ondte 10 medio opiopov g f eivarto A=R — {1}.
Oewpodpue v e&iomwon y = f(x). To svvoro oy ™ f amoteleiton amd Oha ekeiva ta y € R, yu
ta omoia 1 e€lowon y = f(x) €xel Mon o¢ mpog X 6to A. Opwg:

2_
y=f(x) < y=LX1+2 o X (y+2)x+24y=0 ()

H (1) etvan e€icwon B’ Babprov wg mpog x kot £xel Abon oto R av kot povo av:

A20 & (Y+2P-42+y)20 © (y+2(y-2)20 & < ye (-0, 2] U[2, +0)
Mévet va e€etdoovpe UNT®G Y10 KAmolo omd To mopardve y 1 Avon e (1) etvar o apBuog 1, o
omoiog dev avnkel 010 A. AAAG Yo X = 1 1 oyéon (1) diveu:

l-(y+2)+2+y=0 < 1=0

N omoia givar advvartn. Emopévmg ot mapamdve Tiég yio 1o y eivor dekTég Kot £T61 T0 GUVOAO TIUMV
g fetvar to f(A) = (—o0, 2] U [2, +0)
ZXOAI10
2V TPAyHaTIKOTNTO TPOPAN LA VITAPYEL oV Kot o1 000 Avcelg g eicmong (1) eivar ioeg pe 1.
AMG toTE Tpémel A=0 , oNAad y=—-2 1] y =2 .Onmg yuo 11§ TIHES avTég Tov Yy 1 e&icmon (1)
dtver yu 1o X avtiotorya Tig Tipég X =0 Kot X = 2 1oV aviKOLV 6TO TESI0 OPIGHOV. Apa Kot Ot

TWEG y=-2 , y=2 aviKovv 610 cOVOAO TIUdV TG T ko 1ot f(A) = (—o0, 2] U [2, +0) .
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Epappoyn 6

2
+X-
Atveton ) ovvéptnon f pe omo f(x) = x—x12 Noa Bpebel to svvoro Tindv ¢ f.

AUon
[Mpéner x — 1 #0 < x# 1, ondte 10 MEdio opiopov g f eivarto A=R — {1}.
Ocwpovpe v e€icwon y = f(x). To ohvoro Tiudv g f amotedeiton omd OAa ekeiva ta y € R, yia
ta omoia 1 e€lomon y = f(X) €xel Abon g mpog x 010 A. Ouwg:

2 p—
y=f(x) & yzLXl2 < X+ (y-Dx+y-2=0 Q)
X_

H (1) givon e€icmon B Babpov og mpog x kat £xel Abon 610 R, av kot povo ov:

A>0(1-y)Y -4y +820c v —6y+9>0< (y—3)> 20
1N omoia 1oyveL Yo ke y € R .Oa mepipeve Kaveic Aomdv 6T 10 chHvoro Tiudv eivar to R . [pémet
opwg va e&gtdoovpe av emmAéov 1 Avon g (1) avhkel oto medio opiopov g £, dNAadT av
x #1.Mg GAlo AOylo TPETEL VO EEETAGOVIE INTMG Y10, KATO10 omtd Ta, Topamdve y 1 Abon g (1)
etvar o ap1Buog 1, o omoiog dev avikel oto A. AAAG Yo X =1 m oyxéon (1) divet:

I+(1-y)+y-2=0<0y=0

7OV €ival TOVTOTNTA ®G TPOG y . DatveTal TOG 001 YOVHACTE G AO1EE000, OTATE EMGTPEPOVILE GTOV
tomo ¢ f Ko mapatnpovpe Ot Tiun x =1 pundevilel ko tov apuntr. ATAomotodue Aourdv Kot

)(24—)(—2:()(—1)()(+2):X
x—1 x—1

naipvoope f(x)= +2, x#1 . Ano avt ™ LopP1 TaiPVOLLLE TOPA OTL Y10

x=1 givan y=3 .H e€icwon (1) yia y=3 yiveton : x* —2x+1=0<>x=1¢D, Kot £T61 OPIOTIKA M
TN y =3 dgv 0viKel 6To GOHVOAO TIHAV. Apa f(A)=R —{3} .
Ag onueidoovpe Tl av omd TNV APy ATAOTOWGOVLLE TOV TUTO TNHG CLVAPTNONG, TOTE 1 SladKaGio

ghpeong yivetan mo amAr|, aeob ovti g (1) Ba £xovpe e&icwon a” Pabdpov.
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Eqappoyn 7
+B
2

Na Bpebodv ta a,peR , dote n cuvaptnon f(x) =
X" +x+1

Vo £(€L GOVOAO TILMV TO [—%,1]
AlUon

H f éye1medio opiopov 10 cvvoro A=R .

To cOvoro Tindv g f amoteleitan amd OAa ekeiva ta y € R, yia ta omoia 1 e&iomon y = f(X) éxet
Abon o¢ mpog x oto A. Ounc:

ox +f

=5—— ey +(y-wx+y-p=0 (1)
X +x+1

¢ T y=0 n e&lowon (1) yivetan
—ax—Pf=0ax+p=0
7oV €yeL Aon 610 R, €KTOG amd Vv mepintmon mov a=0 kot B = 0. APvVovpe OUMS Y10, TO TEAOG

g TeMKT| diepevdvnon).

¢ Me y=0 1 eficoon (1) eivor devtépov Pabpod kat Exel AOoN, av Kot LOVO v :

A>0 (y—a) —4y(y—B)=0< 3y° +2(a—2B)—a’ <0

H mapondve avicwon aindedetl o éva dotdotnua tng Hopens [y,,y,] Kot enewdn 8ovpe chvoro

Tov g f va glvat 1o [—%,1], npéner pilec tic e&icwong 3y’ +2(a—2B)—a’ =0 va ivat ot

1 , , . , 2 1 . . .
Yi=-3Y =1 . Enedn howdv mpénel va etvon y, +y, = 3Y17Y2 =—3, amO TG OXECElg Viette

maipvovpe Ot :

3 3 3 3

2(a—2 2 —o® 1
20-2)_2 = —%

Ot oyéoeic avtég divouv tehkd  (a,B)=(L1) 1M (o,B)=(-1,0) Kot ot dvo Adoelg etvon dektég, apon

KOl 0T1G OVO TEPWTAOGELS TO 0 €ivar 6TO GHVOAO TIUDV.

A.2. Ba cuveyicovue ue TNV EDPEGT TOL GLVOLOL TIUOV GE GLVOPTHGELS OV giva cvveyeic. Ta Tig

GLVOPTNGELG AVTEG B0 YPTOLUOTOMGOVLE TAAL TN GYETIKN TPHTAGT OO TO GYOAKO PrfAio.
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MEOOAOz 3

Av o cvvaptnon f eivar yvneimg avovoa Kot ovverng o€ Eva ovolktd dtotnua (o,p), tote
TO GUVOAO TUY®V TNG 6T0 dtdoTnua avTo givor To dtdotnua (A, B), dmov

A=1lmf(x) «m B=Ilimf(x).
x—p"

x—a*

Av, 6pmg, 1 f etvar yvnoimg @Bivovea Kot suveyng oto (a,f), T0TE T0 GHVOAO TIUADV TNG GTO

dlotnuo avtd etvan to dtdotua (B,A) .

ZOUQOVA LE TNV TOPATAVE TPOTUoT Bpickovue To medio optopod A tng cvvdptnong f
Bpiokovpe pe v Ponbeta twv mapaydywv 1 GAALOV TPOTO TO SIUCTHUATO LOVOTOVIOGS , BpioKovpe
v o kéOe drbotnua A, Tov A 10 sVvoro TV f(A,) g f Kot €161 TEAMKE TO GUVOLO TGOV givar
10: f(A)=f(A)Uf(A)U...Uf(A) ,0mo0 A=A UA,U...UA_

No mapoatnprcovpe eniong 0Tt av pia cuvdptnon f eivar yvnoiong povotovn o éva dtdotnua A
kol 0ef(A) , 16te N e€lomon f(x) =0 €xel povadikn Avon ot o A .
Avrtiotowya, av Bef(A), tote 1 e&icmwon f(x) =B £yl povadikn Abon ot ddotua A . Me tov
TPOTO AVTO, GE GLVOLAGHO LE TOV TPOTO ELPESNG TOV GLVOAOL TILAV, PpicKovpe To TANO0C TV

plov pog e€lowong.
Ot mopomdve TapatnPNoELg Eval HEYIOTNG ONUOGIOG Y10l TOVS VITOYNPLOVGS, OEV TOPOVGIALOVY

dvokoAies, elval cagelc katl amotehovv  cvyva epothiuate otig [lavellvieg e€etdoeld.

Epappoyn 8

Atveton ) ovvéptnon f(x)=1-x-Inx .

a) Na Bpeite 10 chvoro Tdv g cuvaptnong f

B) Na Bpeite to mAnBog TV prlav g eEiowong f(x) =2016

7) No anodeifete 611 opiletar  avtictpon cuvapton e f Asete ™y avicoon £'(x) >1-x
AlUon

[podxertar avopeifola yio TV o GNUAVTIKY EPOPUOYN Y10 TOV VITOYNPLO.

a) H f éye1 medio opiopod 1o A =(0,+00) , eltvar cuveyng kat yvnoimg bivovca , apov :

f'(x):(l—x—lnx)':—l—l<0 , x>0
X

Etvan emiong
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limf(x)=+0 xor lim f(x)=-o0
x—0 X—>+00

Emopévmg 1o svvoro tinmv g cuvaptnong f eivarto R.

B) Eneidn 2016 e f(A)=R , n efiowon f(x)=2016 £xet pio tovAdyiotov Avon , 1 onoio OPmG

etvot ko povadikn ,010tin f elvar yvnoiog povotovn.

v) Z10 epdTNUA 0VTO aonteiTan KATL TOPUmTave omd ta suvnOcpéva. Apykd Tapatnpovpe 0Tt dev
ypetéletar kovévag mepopiopdg, agod n £ et medio opiopov 1o f(A) =R . Eivar 6pmg
avBapecia va tapovpe tov teploptiopd 1-x >0 kot ... wepdoovpe v f ota 600 péln,
aAAACoVTOG TPOPAVAOS TNV GOPA TNG OVIGOTNTAG. A d0VE AomdV Pripo —Bro TV KOVOVIKT|
mopeioL:

i) Av1-x<0< x2>1, t6te 1 avicdtTa 0An0evEL, 0pov TO TPMOTO HEAOG givar OeTikd aplOpog
(M avtiotpoen cuvaptnomn £xel GHVOLO TILOV TO TEdio opiopov g f mov givar to (0,+) ), evd
T0 080TEPO Un OeTiKkde.

ii) Avl-x>0<x<1, 1018 :

f'x)>l-xox<f(l-x)ox<1-(1-x)-In(l1-x) &
Sx<x-In(l-x)n(l-x)<0=1-x<l< x>0

Apa telMkn N avicowon aAndedet yio x € (0,1) U[1,+00) = (0, +x0)

Av n ovvaptnon f eivor cuveyng Kot yvnoimg avEovosa 6to odotnuo A =(a,p) kot f(A)=(k,A) ,

tote O eivanl lim f(x) =k ko lim f(x)=A
x—>p

x—at
AvaAioyo coumépacpo 1oyvEL av 1 cuvdptnon f elval cuveyng kot yvnoing edivovca. ITo
GUYKEKPLUEVO 1GYVEL OTL :

lim f(x)=A ko lim f(x) =k
x—p"

x—at
InUeEldVoLUE 0Tl KAmolo 1 Kot OAo amd To. o, 1 K, A pmopel va elvar +0 1| —oo . Vv
TEPIMTOON TOV KATO10 od TaL o, €ivor +oo 1] —0,TO AVTIGTOLYO TAEVPIKO TOUPVEL TNV KATAAANAN

LOPON , POV SLAUPOPETIKE OEV EXEL VOTLLAL.

E. NepinTwoeic nou npoBAnHarilouv !

Eqpappoyn 9
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Mo cuvdptnon f:R — R éxet v 00 :
3 (x)+f(x)=x+1 y1a k4Oe x €R .
Noa amoderyfel 611 f €xet suvoro Tywmv to R .

AlUon

H npot empaveloxn tpocéyyion Oa propovoe va glvar 1 €Ng :
Oewpobpe Toyaio y € R . Oa amodeifovpe 6t vmapyel x e R pe f(x)=y .Oétovpe f(x)=yom
oo UEVT oYM KO TAIPVOVLE :
Px)+fX)=x+loy+y=x+lx=y +y-1
Enopévmg 10 ovvoro tipmv eivan f(R)=R
H mpoondabeia dpmg avt £xel cofapd kevd. XTnv TpoyLoTKOTNTO 0VTO TOV PPAKOAUE LE TNV
Topamdve dtadkacio etvar 6Tt av vdpyet x e R pe f(x) =y, 101 0016 T0 X dilveton amd v
oxéon X =y +y—1.0pmg kaveic dev eyyvdtot 6Tt ovTd TO ¥ VIAPYEL. ol Vo givan oAokAnpopéVN
1 amévtnon mpénet va. omodeifovpe 6t f(x) =y , dnhady 6t f(y' +y—1)=y Ko avtd dev sivan
KaBOAOL TPOPAVEC.
Ag dovpe TNV O KAAGTKY T OVTIUETOTION 0uToV TOL BEpaToc. Me Tov 0ptopd amodetkvhovpe
oxedov dueca 0tin f eivon 1-1 , ondte avriotpéperor. H mbavn avtiotpoen e f , 0nwg £d6ei&e N
napandve Sradikacio sivarn g(x)=x’ +x—1.
H doopévn oyéon divet o1t :
gf(x) =) +f(x)-1=x+1-1=x

oniaon g(f(x)) =xywa kédbe x € R . Oewpovue Aomdv tuyaio B € R .Apkel va fpodue ae R,

této10 wote f(a) =P . Oewpodue OTMC eivor pusloroykd tov apBud a=g(P) . Ereon g(f(x)) =x,

sivon :

a=g() < g(f(0) =) & () =P
H oyéon f(a) =B elvar n {nrovpevn, ondte to BEpa £l OAOKANPOOEL.
ZXO0AI0
Me v mapandve dadtkacio Exovpe Bpet kot v avtiotpoen g f kol cvykekpluéva 0Tt
f'x)=x’+x-1,xeR
Noa tovicovpe 6t avtictpoen cvuvaptnon oev Ppioketal BEtovtag f(x) =y , Ho Kot 0eV LITOpOvE

Vo €pYOcTOVE e 1ooduvapies. Bpioketat kadlvtepa B€tovtog oty doouévn oyéon ot Béon tov
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tuyoiov x e R 1o f7(X) o ko To Toyaio x £xst ™ popen £7'(x) apod cVvoro TGV sivarl To
R . Xwpic va égovue Ppet mpdTa 1o cHvoro Tindv e T, dniadh to nedio opiopod e £, Sev

éyovpe opicer v £~ 610 R, 0ALG 1dVO 610 GHVOLO TGOV TNC.

Epappoyn 10

Mo cvvaptnon f:R — R éyet v 016t taL :
2 (x)+f(x)=¢" Yo kébe x eR .
Noa amoderydei 6Tin f €xet ohvoro Tindv 10 ddotnua (0,+0) .
Auon
®¢tovtag f(x)=y , vroyralopacte 6TL M avtiotpoen e f , av vEapyel, Oa etvar . cvvéptnon
g(x)=In(x*+x), x>0
Amo v doouévn oyxéon maipvoope g(f(x)) =x ywa kédbe x € R . H cuvapmmon avtn eivar 1-1
OTMOC UTOPOVUE VO OTOOEIEOVE LE TOV OPICUO 1] [LE TOPAYDYO.
¢ Hoyéon £7(x)+f(x)=¢" yphostor :
f(x)(f*(x)+1)=e¢*, mov onuaivet 61t £(x) >0 yo kébe x eR (1)
¢ 'Eoto Aowov b € (0,+) .Apkel va Bpoope a € R, €1010 ddote f(a) =b . Oewpovpe, dnwg eivon

@LGLOAOYIKO ,Tov apldud a =g(b). Ereon g(f(x)) =x, eivon :

g:1-1

a=g(b) = g(f(a)) =g(b) = f(a)=b
H oyéon f(a) =Db eivou n {nroduevn, omdte 10 BENO X1 OAOKANPWOEL.
Znoudaia napatinpnon
Xopig v eEacediion g oxéong (1), n vrérowun dadikacio dev eEacparilel 6Tt f(R) = (0,+0) ,
aAld povo 6t f(R) 2 (0,+00). Etot, poli pe ™ oxéon f(x) >0 mov divel 611 £(R) < (0,+0) ,
npokvmtel TeMKa 0Tt f(R) = (0,+00).
["a va yiver ovtd KoAOTEPA OVTIANTTO, aVAPEPOVUE OTL PE TNV 1010 S1odIKOGIN TPOKOTTTEL OTL YU
kéBe b>1 vrdpyer a € R wote f(a)=b . Qotdc0 , T0 GVVOAO TIH®V deV givan To (1, +0) AAAG TO

(0,+0). Av dpog siyape kot oxéon f(x)>1 , tote 10 chvoro Tindv Ba rav o f(R) =(1,+w)

Mia napa&evn "Auon'" :
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" H oyéon £ (x)+f(x)=e* ypaostan :

f(x)(f*(x)+1)=¢", mov onuaivet 61t f(x) >0 yo k4Pe x € R
Oewpodue y >0 . Apxei va Bpoope x € R této1o dote f(x) =y .Oétovpe f(X) =y otn doouévn
oyéon 2 (x)+f(x)=e* kal £T161 TPoKVHNLTEL OTL

y+y=e*<x=In(y’ +y),y>0

Apa n ovvapmon f €xet ovvoro oy to (0,+0). "
H Aon avt) 6mwg eEnynoape 6To TponyovuUEVO TAPAdELYLa £xEl GOPOPES TAPAAEIYELS KO TPETEL
Vo amo@eVYETAL, apoV dev amoTerel TeEAMKE Ao Tapd andmepa Avong. o va givarl n Tapoamdve
mopeio. oAoKANpmUEVY , TPETEL EmmAL0oV va. amodsitovpe 6Tt yioo v T X =In(y’ +y) ,y >0 mov
Bprkape woyvel 0Tt £(x) =y .Avtd etvor amapaitnto va yivel d10TL Kotd T dadikacio e0peong Ta

fruota dev etvar 1oodvvapa. H Ty mov Bprkape apopd povo to £va okéA0G, Aeimel Op®s T0 AAAO
okéA0G oV elvar n VaPEN TG TG VTG,
Me dAha Adylo TAGAUE GTNV TIUN HE TNV TPOoDTOOeoN OTL LVTLAPYEL, OALA 1 VTTAPEN lvan emiong

10 1010 onpovtikd {nuo. H emaAnfevon emopévog eivar arapaitnt.
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2T. Fevika Ogpara

Epappoyn 11

Aivetou 1 svvaptnon f:R — R pe mv 1d16mro e +f(x) = x+ 1y kdPe x e R .

a) No amodeiete 0t M cvuvaptmon feivan 1-1 ko £(0)=0

B) Na amodei&ete 6T1 M cvvdptnon f eivar yvnoing adéovoa.

) No anodeifete 611 n f éxet chvoro Tindv 10 R kar 6t f(x)=e* +x-1

6) Na Moete v e&icwon f(x)=x.

€) Na amodei&ete 6T cvvaptmon f gival cuveyng Kot Topoy@yicn.

o1) No vtoloyicete ta Oplon A = XIERO f(x) xou B= Xlirgo f(x)

Ynodsi§n
a) Me tov optopo. ' v edpeon tov £(0) Bewpovpe ™ cuvdaptnon g(x) =e™ +x—1 mov eivor
yvnoing avEovea. ‘Etot érovpe g(f(x)) = e ™ +f(x)—1=x, nhadh g(f(x))=x (1)
Enopévag :
e"® +£(0)=0+1< g(f(0)) =g(0) < £f(0)=0
B) Eoto x, <x, .Téte Aoyo g (1) maipvovpe g(f(x,)) <g(f(x,)) < f(x,) <f(x,).
AlLog TpOTTOG
Av 6y, tote VIapYOVY X, X, €R pe x; <x, xou f(x,) = £(x,).Avt Ppo — Prpo diver tedkd Ot
e +f(x,) > e +f(x,) & x, +12x, +1 e x, > X,
mov givot GTomo , 6101t X, <X, .
7)'Eoto beR .Oeowpovpe a=g(b) (eivar avapevopevo, apod n g eivar n mbavi avtictpoen g
ovvaptnong f ).Tote
O
a=g(b)=g(f(a)) =g(b) = f(a)=b

Emopévag 1 cuvapmon f éxet chvolo Tindv 1o R. Av Bécovpe 6mov x 10 £(x),xeR , 1018
noipvovpe 6Tt 1 (x)=€e*+x—1,mhady f' =g
0) Etvai
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fx)=xof'(X)=xe+x-1=x<x=0

3101 ot éromoetg f(x) =x,f7(x) = x sivar 16odVvapeg.

€) Av kavoope yuo tnv h(x) =e* OMT o710 didotua pe drxpa to f(a), f(x) , tote
e —e@ = (f(x)—f(a))e*™ ."Eto1, amd 11¢ oyéoeig e +f(x)=x+1,e @ —f(a)=a+1pe
aQaipeoT KoTd PEAN TaipVOLLE OTL
e'™ —ef@ 4 f(x)—f(a) = x—a < (f(x)—f(a))e"™ +f(x)—f(a) =x—a <
X—a

= f(X)—f(a) = m

Enopévag | f(x)—f(a)l=l——— |<| x —al ko to kprrAplo mopepPoing diver 6t m f eivon cvveyng

et 4
OoTO X=a .

H oyéon eniong f(x)—f(a)= X8 Siverom
e"™+1

f(x)-f(a) 1
X—a e*™ +1

, £(a) <8 <f(x) N £(x) <&(x) <f(a)

Ko

. f(x)—f
OV onuaivel tedkd 6t f givor kot Tapayoyioyn, aeod lim f9-f(a) =f'(a)
X—a

X—a

1 1 , .
lim - . Etvan emopévac :
e @0 1] e 11

£'(x) =

,xeR
ef™ 41

61) Emedn épovpe 611 10 ovvoro tiudv givan f(R) =R woun f givon cuveyng kat yvnoiog

avéovoa , maipvoope 6Tt A = lim f(x) =+00 kou B = hm f(x)

X—>+©

Epappoyn 12

Mo topaymyicyun covdpmon f: R = R éyet v o6t ta:
X)) +{(x)=x, yokabe x e R
a) Na Bpebei to £(0).
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B) No arodeyOet 6T n £ elvar yvnoing adéovoa kar va Bpedei n epantouévn g C. oty apyn
TOV aEOVOV.

v) Na Avbei n e&icmwon £ (x)=0 kot va Bpebei To Tpdonuo ™ f(x).

6) No anodeiybei 011 £ (x)=3xf' (x)—2f (x) £’ (x) yio ke xeR .

X

€) No amodetyfel 611 f f(t) dt:%[Bxf (X)—fz(x)],xeR.

0

67) Na omodeyBel 611 1 f €xet chvoro Tipdv to R xon vo Ppedein £7°.

Auon
@) To x=0: £(0)+£(0) =0 < £(0)[ £2(0)+1] =0 <> £(0) =0.

B) Hopaywyilovpe kot Taipvovue:

1

3f3(x)+1 70

32()f (x)+f'(x) =1 f'(x) =

v kaBe x € R . Apa n f eivar yvnoiog avéovoa.

Eivon f'(0) =1, omdte (¢): y—£(0) =f'(0)(x-0) & y=x.

v) Eivon £(0) =0 xon emedn n f eivar yvnoiog avéovoa, n x =0 givar | povadiky pila.

Enedn n f eivon yvnoimg av&ovoa kot £(0) =0 Ba woydet:

e x<0&f(x)<f(0)=f(x)<0. fx)
e x>0 f(x)>f(0)<=f(x)>0.

Apa:
e v x (0, +) eivan f(x)>0.

e v X € (-0, 0) givan f(x) <O0.

8) Eivar 3f2(x)f'(x) +f'(x) =1, ondte morhamhacialovtog pe f(x) maipvovpe:
33 (x)F'(x) + £'(x)f(x) = £(x)
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Enedn £2(x) = x—£(x), auth yiveta:

(3x = 3£(x)) £'(x) + F(X)F'(x) = f(x) < £(x) = 3xf'(x) - 2f(x)f'(x) (1)
€) OloxAnpovoope v (1):
1= 0 f(dt= | 0 3tf'(t)dt -2 O fHF (t)dt =
=[3tf(t)] , - j " 3f(t)dt — 2{@} = 3xf(x)—3[—f*(x)
0 2 1o

2
oot £(0) =0 ko a apykn g g(t) = f(t)f'(t) etvarn G(t) = f Z(t) . Apa

I+31 = 3xf(x) - f2(x) < :i[3xf(x)—f2(x)]

Y60

Ty oyéon £ (x)+1(x) = x v moldarracialovue ue £1(x) # 0 xou maipvovue:

£3 (x)f(x) + {(x)f (x) = xf(x) =

& (f4§")j +(f2§")j +00 = [xf00]

J(f‘;(t)j dt+J’ (f (t)j t_,_J' f(t)dt = J. [tf(t)],dt
0 0

Emouévag:

o [rtol [fol x_
jo f(t)dt—{ . L{ ; O+[tf(t)]0—

_ ' e
2

+xf(x) =

_ P x)
4 2
 (x-f®)fx) A (x)
o 4 2

+xf(x) =

+xf(x) =

BayyéAng MoupouUkog — Mnaunng Zrepyiou : ZYNOAO TIMQN KAI EGAPMOrIEZ



2eloo 20 and 24

_ 4xf(x) = xf(x) + 2 (0) - 2f* (x) _ 3xf(x) — *(x)
4 4

o1) Eoto B eR. Oa anodeitovpe 6Tt vrdpyet o€ R pe f(a) =f. Oétovpe a=p° +f. Tote:

3 (o) +f(a)=a ko a=p>+p. Apa:
(o) +f(a) =B’ +p =

& [f(a) = B][ £2(0) + (o) -B+P? +1] =0 < (o) =B

d1om £2 (o) +f(a)-B+P> +1>0. Hoyéon £2(x)+£(x) =X pex 10 £1(x), dmov x e R Sive:

3
LE(£7100) | +£(£100) = £ () £ (x) =x% +x
Tovilovpe kot edd 611 M evépyela va Bécovpe f(X) =y Kol Vo OVTIKOTOGTGOVUE :
f3(x)+f(x):x©y3+y:x<:>x:y3+y

dev e€aocpariler 6Tin f €xel ohvoro Tindv 10 R, 0vte divel v avtictpoen g f.

I'evika oyoma
i) A76 ) oyéon £ (x)+1(X) =X , kot ywpic dlho dedouévo, uropodue va amodeifovue 6t 1 feivan
yvioiog aviovoa. Ipdyuati, av dev frav yvnoing adovoa, Oo vripyay X, X, ue X, <X, kai
f(x,) 2 f(x,). Eror £2(x,) > > (x,), onére:

f3(x1)+f(x1) > f3(x2)+f(x2) & X, 2 X,, aromo.

Mropodue eriong va amodeiéovue 0t 1 f e1var GOVEXNS Kol TOPAYWYITIUYN OPOIPOVTOS TIG TYECEIS

£2(x) +(x) = x xou £7(x,)+1f(x,) = X,.

ii) To oVvolo TV T TOPOUOLES AOKNTELS, OTWS OVOLDGOUE KOl TNV OpxN THS TOPOVTOS EPYOTLAG,

Ppioketor ko wg eEng:
o H mbovij avtictpopn ¢ feivor n g(x) =x" +x.
o H g civou yvyoiwg avéovoa, apa kou 1-1.

o H doouévy oiver g(f(x))Zx, xeR. Eror f{x)=g"(x). A n g7 éyer obvolo tudv to

medio opiopuov g g, onloon to R Apo kor n f Erer abvolo tiuwv to R. (Ag tovieovue oti:
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1-1
gf))=x=gg" ®) = fx) =g (x).)

Epapuoyn 13
‘Eoto f: R > R ovveyng cuvaptnon kot F pua apycn g £ pue F(0) =1 pe v ddmzo:

£(2015—x)F(x—2015) =2015-x, o kdbe xR .

o) No armoderydet ot f(x) =
x*+1

B) No peietioete v f ¢ Tpog tn povotovia Kot vo. Bpeite To GHVOAO TIUDV TNG.

v) No Avbei n e€icmon f(x) + f(3x) = £(2x) + f(4x).

Ynodeign
o) @¢tovpe 6mov x 0 2015 —x Ko Ppickovpe:
f(X)F(—x)=x, xeR.
Avtn Y10 X T0 —X divel:
f(—x)F(x) = —x
Enopévac:
f(x)F(—x) — f(=x)F(x) = 2x < F'(x)F(-x)+ (F(—x))' F(x)=2x &

F(0)=1

& FX)F(—x)=x*+c <=> FX)F(-x)=x*+1 (1)
Apa, d1pavTag Katd ULEAN:

f(x)F(—x)  x
FO)F(-x) x*+1

@ln‘F(x)‘z%ln(szrl)@ < |Fx)[=vVx* +1

HF, Aoyo g (1) xon g F(0) =1, etvon Betucn. 'Etou:

F(x)=vx*+1 xa f(x) = X

x> +1

1
(< + VX +1

>0, ondte n f eivon yvnoimg avéovoa. Bpickovpe f(R)=(-1, 1).

B) £'(x)=

v) To x =0 givon tpopavng pila.
Me x>0 sivan f(x) < f(2x) xon £(3x) < f(4x), ondte f(x)+£(3x) < £(2x)+£(4X) . Apa dgv Egovue

Betikn piCa. Opowa yioo x < 0.

An. x=0
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Epappoyn 14

Aivovtot 01 GUVOPTNOELS
f(x)=In(x*+1)—x+1 ko g(x)=e*+x* —x -1
a) No peietn0ein g og mpog ) povotovia.
B) No Avbein e&icwon (feg)(x)=1.
¥) Na Bpebei to chvoro Tiudv g f kot To TAn00¢ TV prllov g eéicwong f(x)=0.
Ynodsi§n
a) Etvon yvnoimg ebivovoa oto (-, 0] kot yvnoing av&ovoa oto [0, + o). (Movadkn pilan

x=0.)

f1-1

B) I'papeton f(g(x)) =£(0) <= g(x)=0 < x=0, and 10 (o).

7) f(R) =R. Eyet pia axpipog pico.

Epappoyn 15

Aiveton 1 cvvaptnon f(x) =x+ Ix+3x-2.

o) No perem0ei n f og mpog tn povotovia.

B) Na Bpebei 1o suvoro v g f kabng kot to mAnbog plav g e&icmong f(x) =0.
x+3x+V;:y+2

v) Na Avbei 1o cvotpa y+i/;+§/§:z+2.

z2+3z +z =x+2

Ynodsi§n

a) ['vnoiog avéovoa.

B) f([O, +oo)) =[-2, + ). Eyetl pia pévo pio.

Y) Elvan x =z + Yz+3z-2= f(z) won teEMKA:

x =f(£(£(x)))
Mg anaywyn og drono maipvovpe 0t 1 e&icwon avty givat 16odHvaun pe v f(x) =x.

‘Btor x =y =z. AAMG:

fx)=x = Ix+¥x =2 x=1
Apa (x,y,2z)=(1,1,1).
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Epappoyn 16

Atvetar 1 cuvaptnon f(x) =2Inx+x*—1.
o) Na peietn0ei 1 cuvdptnon f og Tpog tn povotovia.
B) No pedetnOei n f g mpog ta koido kou va Bpedovv ta onueio kopmmg mg C, .
v) Na Bpebet 10 chvoro Tpmv g f. 0) No Bpebet to Tpdonpo g cvvaptnong f.
€) Na Avbel n e€iomon:
f(x) +£(x°) = £(x*) +£(x")

Ynodsi§n
a) ['vnoiong avéovoa.
x* -1

XZ

B) f"(x)= —%+2 =2
X

H f eivon koiln oto (0,1] ko kvpt 610 [1, +0). To M(1,0) elvan onpeio Kopumng.

v) £Ovoro Tindv givor o R.

6) £(1) =0 ko f givon yvnoiog avéovoa.

X 0 1 +00

7
f(x) /
0

H f eivon apvntikn oto (0,1) ko Oetikn oto (1, +0).
€) To x=1 &ivon pila.
o T xe(0, 1) givar x>x* ko x* >x", ondte:
f(x) > f(x*), f(x*)>f(x") kot étou:
f(x) +£(x7) > £(x*) +£(x")
o [0 x >1 eivan f(x) < f(x?), f(x°) <f(x") xa é&tot:
f(x) +£(x°) < £(x*) +£(x") .

Apa povaodikn piCa etvar to x =1.

Epappoyn 17

x B
Oempovue ™ ovvaptnon f(x)=e* —e*, 6mov a, P eivor Oeticol Tpaypatikoi appoi.

o) Noa peret0ei n f og mpog tn povotovia. B) No Bpebel o suvoro Tindv g f.
7) No Bpedovv o1 katakopveeg acvpuntoteg g C, kabmg Kot ot opilovTieg, o VITAPYOLV.
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B
0) No vroAoyiotel to odokinpopa 1= J mdx .
« X
Ynodsi§n

[Tedio opopov A =RR.

x B
a) f'(x) :le“ +£zex >0

o X
X —00 +00

[N

f(x)

f(x)

H f eivan yvnoiog avéovcsa oto (—0, 0) o (0, + ).

B) Eivar lim f(x) =-1, lim f(x) =1, ondte:
X==® x—0"
f(A))=(-1,1), pe A, =(—o0, 0)
e lim f(x) = —c0, lim f(x) =+o0. Apa:

f(A,)=R (A, =(0, +)).

An. f(A)=R.
Y)H x=0, 8ot lim f(x) =—0. Hevbeio y =-1 ot0 —0.
x—0"
. 1 , 1
) Oftovpe x =af—, onodte dx =-af—-.
t t X a B
t B a

Apa:

Apa 2I=0<1=0.
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