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Mia mpooéyyion Tov pifxovs piag xauxving

yoauuic ue To opiouévo oloxiifpoua
dnurfrens Nroilog

Tro oyohxd PuPhio mg Avdhvoms mg I Avxeiov (O.E.A.B. 1997) xas 61
p6vo, T opuuévo ohorhipwpa aotmromoieital xvElwg, wg 1 pabmpard] €x-
goaom tou epPadol hewrdv meQuoydv- €xer dnhadi dvav, ag movpe,
"SodudoTato yapaxwipa”. To oguwopévo ohoxhijpopa Suwg, €xel drwg elvar yvo-
ot6 wai dhheg (repuoodrepes) epappoyés: dmmg elvau yux mapdderyua o vroko-
YIOpGS Tou Gy®ou ®AmOWDY OTEQEMY, CAAA Hau TOV ROV OQLOPEV@Y RaWTUALY.
Mnogei mhadr va expodoer 1o pérgo (Gyxov - wixoug) axd tpuodidotata wat
povoduiorara cevuxelpeva.

Ze totto 10 ¢pBgo - xau dedopévng pdvov Mg pabnuaruais vrodopwis mov
Smuovpyel n Avdlvon mov Sbdonerar om M Avxeiov - Ba emyepfooupue pio
Priua mpog Priua rgooéyywom Tov TEEROV e YoV ROl TO OQLOUEVD Ohowkiipwua
WOQE( va EXPEATEL TO WijKOg WG XopriAng yoauuris: xau éxerta Ba xagovold-
ooupe pla oeLRd aElooMuEiwTLY EPagUOYEY.

AELew va avapépovpe edi, 6 1 xevigua Wbéa (to epebhoua) yua o yodyi-
uo avrov Tou Gofgov tiray ot aroples xat avalnmioe pabnrdy me Ing Acoung
oe pa evhapégovon ovlimon péoa omy tiEn. O ovviiflels aveés avalnmioeig
xpoxirTouy omy ropeia tov pabruarog: xal dev égovv mpoxabopiouévo Beua.
Kdrow egaguoyr 1 xdrowr anddeln pag odnyovv oe avalnmioe, ahhd
(peQures POQES) %o OE RANOLES ENEXTATEL,

Ev ngoxeiévw, oulnrovoaye yia T YEWUETQU] EQunvela xaL Tig eQaguoyes
10U OQUIREVOL OAOXANQGRATOS: Wl 1) EQuTom (Tugrivag) o Edwoe v wimom
om ovlrfeon, vrav 7 egrig :
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“memwm=n+oz}mmm:
x:+yl-pl. p>0.
Mg Ba progotoaue ue avdloyes dadixaoies va vrohoyioovue xai 1o wixog
avron rovxirhou ; "
Toﬁmmﬂoﬁoopag,bwéqummﬁnmianmnmmuu’wmmm
m.mmnmwﬁﬁmmmﬁum,mﬁoﬁmmwmﬁqqm
GCITECTAL Y T1) HLTIWo) PO TEXENQUOPEVTC andveong.

EIZAIQrH '

EnmmmmmmwmmBWMWm—
wrvhn yoouur AB pe wixog Lag xai o evbiypapuo ynjpa AB pe wixoc (AB),
oxrfiua 1.

"y

Ioyses (AB)” = (AT)” + (I'B)?, epaguoyi wov TTvbayogelov Bewgrijatos oo ABT
i (AB) = J(AT)' +(rB)’, (1).
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Yrobérovpe tipa on n wopmikn yoouui AB eivar n ypague] rapdotaon
pwag ouvexovs oto [a, B ovvdgmong f. Téte n wémra (1) yoaperar :

(AB) = J(B-a) +[/®) -f@f . @

Av emthéov 1 f eivar ragarywylioym oro [a, B, tére ovppava pe o Bedonjia
™ péomg s Tov Suagopixo Aoywpov, Ba umGoyer éva Tovldyotov
g€ (o, B) wore n eparrropéwn (£) ™S ypapurs mapdotaomgs mS f oo omueio |
A(E, f(E)) va efvar nagdhinin oo evéiyoauuo Twipa AB, ogijua 1. Ba -
oyves Snhad : f(B) - f(a) = f(E)(B-a).

"Evow ) wénya (2) yiveral :

(AB) = J(B-a)’ +[f ®)-B-a)]

i (AB) = (B-a)-{1+[/ ®F

Av taipa ou apuBpol a xau B elvan "mokd xovavol petaki toug”, Téte progotje
va wyvewtoipe 6u 1o uijxos L ™S yoapuafs xagdoraoms mg f xpooeyyi-
erar axd o majrog (AB) Tov evivygauuov yurjuaros AB.

“Eton ypagoupe : Ly = (ﬂ—u)-dl-l-[f’(f;}]’ Grav (f-a)—0

fl wobivapa : Ly = lim 1+[f'®) 4x, dmov Ax=p-a (3).

MHKOZ KAMIOYAHZ TPAMMHZ
KAI OPIZMENO OAOKAHPQMA

"Eoww v ovvdomon [ ue ovvei rpdm xapdywyo [ oe nabe omueio tov
daowmipasos [a, B,
uio Suapépuom :

Poia=x<<.<Xx=f pe ﬂ.=!.-:..|=§-:5,u=1,2,...,v
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e Ey, &y, ..., E, onowadrinore onpela tov [, Bl pe X < B <x =12, .., v.
Tore, drav v — +eo éxovpe (wodivapa) A, — 0.

Feoperoma avi andd ompaiver 6n drav ywolovue 1o duiompa [a, B] oe
Buagnaic xaw eQOOGTEQX (V — +90) uobuoTiuara winovg A, = X, - X,
ToTE To wijnog nabevig and ta vrodaonjuata avtd pupaivel (A, — 0),

Me autég nig mpotmobéoeis xou xabac A, — 0, 0pifovus ws wifxos s yoag:-
srfs magdoraons mg f ueval rev onueiwy ms Ao(a, f(a)) xa A,(B, f(B)) mv
xepluergo s reflaouvns yoauurs ApdsA; ... A, s omolag o1 xogupés A, ei-
vai emueia mis yoapuxajs xapdotaoms s f pe avriotoryes retunueves x; ,

i=012,..,v
4y

A,

ﬂ'@ 1
CN\A_ A,

0] a=x, T E: X L E,ﬁ'l'ﬁ
Zyprjua 2

Na o wrimog L, ™S yoagueis xapdoraoms ™ f oo [a, B] éxovpe :

Laa, =Laa, *Laa, oty 4, (oxpiua 2)

.Emfn[f'{g,)]’anﬂ 1+[f(8,)] Ax+ ... +
+lim I4[FE) A 2w
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= hmz 1+[f(5.)] Ax =

ﬂ'l

= 1im 3141 (&)f Ax.

Enopévos Ly, = ['y1+[')]'dx, ohoxviguna Riemann mg owvigmans
1+[f' @] ow [a B).

E®PAPMOTEZ

1. Y110A0rIsMOz TOY MHKOYE ENOE KYKAOY
Huwﬂmﬁmﬂ;meﬂMneﬁMr’ +;’ -q’,g > 0.

Avom : f

To nueihio () eivat n youpu xa- (%)
pdotaom g ouvagmang :
f(x) = Jo? -x* , xe[-0, o). = r -
Eivaw pavepd én L = 2L, émov L, ei- \
vau 10 [irog Tov nunkion (%), ! o
&

Emopevig :

L=z [ 1l ef =2-f¢J“L'J§f7]“’“2'E»J‘*_"’qff |

Tehd, L = sz:

Oérovpex = n-quu.ue[--z—,i].mﬁtedl=omdu.
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Me x = - poxtinter G nuu = -1, dpa u = —%.

QU PE X =  mpoxtnrer Guunpu = 1, doau = >

| =

]mcmammﬁwou.

mwuﬁa[vm(mpu)’-p—ww:ﬂmxﬂﬂtue[— )

Emutvu:gL-ZI” 'Q(l ﬂl“l ‘p-ovvudu=2. -Io—:-vq_ Q- ovvudu =

sl (3]

H ovvenic ovvdpmon pnuu eivae *1 -*1" oto [

IHN

—
- i
=
- %

2.

YITOAOT'IEMOX TOY MHKOYE MIAY EAAEIWHE
dfmqﬂuﬁpﬂfﬁwm—+: =l,0<f<a

Av L eivau 1o prfog s élieyns, tore L = .‘Inﬁ_[,; 1-¢* qu'udu, dwove
eivau 1 exxevipdmra g Ellengng.

Aviom :
H eElowom me e hewymg yodpetal : ¥
ﬁlll +C¢1}'1 tulﬁl
R 1
ul
i gntg-w}u’—x’, xe[-a, a] ¥ 0 -
To wwjpa mg édhewng mov PoioxeTar B o
"méva” a6 wov GEove x'x (Snhabdi ta on- =
ueia mg Ehenymg pe y 2 0) elvae 1 yoapt- y

%1} ROQATTao ™S CUVAQTOY ©
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(z}-— Wo® -x*, xe[-a, a] xo éxes inog (€ovw) L.

Eivaw gavepd 6n L = 2.L;, agpot n élhewym éxel tov X'x dEova ovpuerpliog
me.

‘Exmw:f(l)-ﬂ-%’-:‘-u[—«-ui. f’(l)=%- ;‘ -, X&(-a, a).
a —-Xx

Il

mnu(x)]’-uﬁ: —.
ﬂ a —Xx

Enopéves L, = j'Jul’- _ dx.

—I

INa tov vohoywpd tov ohoxinpduerog Ly Bérovpe :

X=anuuu= [-% E] ondte dx = a-ovvudu

Me x = —a xpoxvUnTeLpu = -1, dpa u = -%-
Me x = a apoxinTeLnuu = 1, Gpau = -g—
H ovvepic ovvdpmon anuu elvar "1 - 1" oo [-—-E-:—]m;m aiovoa,

agot yur #ibe ue (-g, g) givas (amuu)” = aovvu > 0,
Enopévig :

N e

= jl.Ja‘ cow'u+p’ -quiudu= f; Jal{l ~nu'u)+B* mpludu=
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% uz_ b
=j_5'iJr;:1 ~(a*~p?)-nu’udu= _[_’;Ju‘[l -%*W'n]du
s ll— 2. mulnd

a }1 £ -Muudu
Tehing L = u-fj{,h-e* - u dul®),

3. Aiveras n ovvdornon f(x) = %{ei-u":'}u 0. Na vxodoytorei ro usjrog L

Tov Tufuaros Mg yeaguajs xagdoracns mg f wov feloxerar ueralt rav on-
peiwv mg : A(0, @) xat B(1, f(1)),¢> 0.

Avion :

Ta vov vmoloyuopd tov winoug L, €xovpue :

L

f(x) = %[e:‘ -u_-e.'F}, xe [0, )

S@=7

.[—i—ei —%e'E] Goa f’(:t]:-:%-[f.-,E -e"i].

(*) O vmohoyiopds Tov ohoxhnpdpatos IiJl-:’-m’udu dev evedooetal otoug oué-
Yovs avto wou debgov.

(**) H ovvdgmom f(x) = -E{;-: +=':] om floypapic owvavedro pe to Gvopa a-

Joocoeufs ouwdpmon.
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Enontvas L= [ 1+ [/ ] o= _EJ%.[,_,E 1ot o

4. Na voloyrorel vo pafros L g ypaguefs mapdoraoms mygs ovvdpmons :

f(x) = 1 -In(ovvx), 0<x< %

Atlon :

“Eyouvpe f(x) = —ﬁﬂ—-(mﬂ)’, Goa. f'(x)=—1=

"1_=m_
ouvx
4 2
; nu’x X
Onote 1 + [F/(X)] =1+ep’x=1+ = ;
[r¢ )]J v ouvlx owvix ouv’x

‘ = 1 % 1 !
ML-K,IH[: (x) d‘“fim‘:d"jﬂ m“"’fﬁd"
memnkwmwimo}oﬂngﬁmfﬁtﬂtwm: x=§-u
Gpa dx = —du.
M£x=0muu-§.eﬁm:-§mm-%.

ow'x+qu’x 1

Hmsxﬂgmndqnm%-udm'l-l'm[%,ﬂn;mquqﬂhom

o 53] =1 <o),



ouvx ] - Nuu
2
1 1
=j: du= du=
2nu=owv> >

- In}xmﬂ-h{:qﬁa =T |n] - ln(JZT— 1)= ll(ﬁ— l)-l =
= lnjil_—l=ln(ﬁ+l).

5. Na vworopure vo jnpeos L s yoaguafs xagdoraons mg ovvdgron :

2
fix) =¢lu(%]—%, O<p<x<y »m az0.

Adon :
1

Eivau f(x) = u-ln[&-x]-i-:‘,:ﬁ[ﬁ,-f]nm.f"{:} = a—i-i-h e

Ondre 1 + [/ (x) =1+(§]l +(ﬁ)l -1=(5)1 r(—‘—]i T B

|

a x
- ——,
[: 41::)

. = -
) Boimmw-s--&-—l qup:i;avm;mm:eq}’u=l i ylua u=£.

1+owla B




Mabnparixti EmBedpnon 61

Enopév L=£1,1+[f’(:} d:=f(cr.-i+$q]du=

= uvlnx+—-1--£r=u+ln +-l-- ‘—a-Inp : B’ =
ta 2 i 8a

=q- hi"""("f ﬁ }

6.&MMNMLWMWMWI
£ &
fx) =;¢—;+1—, 0<a<x<2a

4
Avon :
1
Eivau f(x) = %-x’ ﬂT'%‘ xe [a, 2a]
" &1 &
el i~ e u =
x Y Y 1 (2 (@) .2 &
Ouﬁul-i-[f (I)] —l+[Ei- +['?'] -E—['E—IJ +[?] +2 ﬂ_l.‘_f-:
1

BIBAIOIPA®IA

[1] GEORGE B. THOMAS - ROSS L. FINNEY : CALCULUS AND ANALYTIC
GEOMETRY, 6th edition, by Addison Welsey Publishing, 1986

[2] LOUIS BRAND : Mafimpan] Avdivom, EM.E. 1884

(3] PISKOUNOV N. : CALCUL DIFFERENTIEL ET INTEGRAL, Editions Mir -
Moscou, 1976

[4] ZIAXOYAHE HA. : levixd MaBnpanxd, Oeo/vbm 1970



Mafnuatixt EmBedpnon

HAPAPTHMA
I‘r.:n:waawﬁr=lﬂnw-'«rwmn1ﬂ'|t:.i"(='l:31===—"2:"-{«=§+'=_:‘1 yaa=1
. /
v4
\| [
5
‘ yI/
Ntk
%
3 o 1 2 3| 4 3 »
| -1

Foagueaj xapdovaom mg f(x) = 1 - In(ovvx)
Y4

AREAE

\
z NG FE j_,
3 4] 3 J 1] o] 1| ¥ 3 4 3 Tz
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Toagua) rapdoraom mg f(x) = u-tn[%-:]-i*:‘ yaa=2p8=3

a1

lpagua) napdoraom mg f(x) = ;},—-IHT-; yaa=2

SHF

: /




