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HMpopinnora 1°° Kepalaiov

Aoxknon 1:

O1 ovOpOTOAOYOL EKTILOVV OTL TO DWOC TOV avBpdmov OiveTol amd TS cLVa-
PTNCELS:

A(x) =2.89x + 70.64 (via ToVS dVvOpes) KOl
IMx)=2.75x+ 71.48 (via T1¢ Yovaikeg)

OOV X O EKOTOCTA. TO K0S Tov fpayiova. e pio avaokaer] Ppednke éva ooTd
and Bpayiova uikovg 0.45 m.

@) AV TPOEPYETAL OO AVOPU MO0 TUV TO VYOS TOL:

P) Av mpoépyetal and yovaika molo NTav To HWOS TNS:

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YWWOELG yLla T AU Tou
MpoPBAnpatog (oeAida 149 , AAyeBpa A Aukeiou)

Fhv B, YEVING, JPTCILOToONRE T Ypauue § e to cuufoliopo pag cuvaptong
RO TO YPapua X e o copfolious Tor Teyoion GTOUFELo0 TOU TEH0U OpeEuIon
TG, @OTOCD UEOPOUHE VO YPTUULOTDNTToULE K alha YpaupeTa.
Erow, e nopabstyp, oo

F(x)=x*—dx+7, plt)=t —4t+7 wxm his)=5-d8+7
opiowy T b cuvagnon.
Emousven; To x otov Tomo wog cuvaptnon; Bo meila 1o poko pac eabews BEomos.
Me avro o oierToen, 1) mopoaves cuvopThor Bo wmoponos v EXEL T OO

SO ¥=( P—4( )+T,

omow o wapeviEce spovv mape ) GEom evog ypappaoc.
Er o va vaodoricouus 1o fi—2) axla tomobstoups to -2 ong Bece;, mow optloov

o1 mopevBECEIC
F(-=(2V -4-2+7
=4+B+T7=19
Opotoc, Sxoups F3x)=0x)" -43x)+7

=91=—'|h -l-T



a) A(45)=2.89-45+ 70.64 = 200,69 cm
B) I'(45)=2.75-45+71.48 = 195,23 cm.



Acoknon 2:

Topua pikovg £ =20 cm koPeton oe 6v0 KoppudTio pe Pk x cm kot (20 — x) em.
Ms 10 TP®OTO KOUNATL GYNUATIOVIE TETPAY®VO KOl LLIE TO OEDTEPO 1GOTAELPO
tpiyevo. Na Ppeite 1o dBpoicia teov spfaddv Tav 600 oynUdTOv OF GUVAPTI|O)

TOUL X,

Inueiwpa : Mpoamattoupeve¢ MaBnUOTIKES YVWOELG yLla T AUGn Tou

MNpoPBAnpatog (oeAida 71, Nlewpetpia B Aukeiou)

Kat (oeAida 73, lewpetpia B Aukeiou)

_, - BEQPHMA
To epfabiv E evoc TETpEyOVOD Ehenpdc a sivan a’, én-
| E=o’ .
Amb):
m [] E=E1.

To spfasov E svag wHNA0pon TPUYCVOT TACUPES @ ETVOL U0 JLE
T
a3

4

E@APMONH 1n

Fepovps o tyoc AA (o 11) To omote etval m fgpsco..
Amo o oployanio Tptyove AAT, coupove pe 7o TTnda-

yopai Bedprue, Exovps :
P -2 =
. . al® 3a [ Fefhpa i1 |
B‘=M'=u=—ﬁrz=nz—|_ == .
L2,
Il_ 2
b 1:-=£. omite E=Lap=lg®3 -2 ""E
2 2 2 2 4




Auon:

To TeTpdyvo £yl TEPIUETPO X, OMOTE 1) TASVPA TOV Siva i w0t To eppadse Tov ;T—ﬁ .

20—x

i

To wonhevpo Tpiyevo gyt mepinetpo 20 — x, OMOTE 1) TAELPA TOV Eivel

WYy 2
xot 1o epfado Tov %[ “{}3 I] )

¥ |

] 3
Enmopevec E=Etep +Etpry = ;_ﬁ + i (20 — x)* pe x = (0, 20).




Acoknon 3:

‘Eva kovuti kvAvépikov oyfjuatog £el okTiva fdacns x cm kot oyko 628 cm’. To
VKO TOV faocnv KooTilet 4 AeTTE TOV EVPG aVE cm’, EVE TO VAIKOS TS KVAWY-
Op1kic emoedveeg 1.25 Aentd tov svpd avd cm’. Not EKQPACETE TO GUVOAIKO
KOGTOC M ouvdpTon Tov X. [10Go koatilel éva kovTi | aktiva Pdonc 5 cm:

Inueiwpa : Mpoamnattovpeve¢ MabBnuUaTIKES YWWOELG yla T AUcon Tou

MNpoPBAnuatog (oeAida 207 , Mabnuatika B Muuvaciouv)

CEE KohvBpog

Ta TapaKaTw oTEpEd SIvouv TNV Evwoia Tou KukivBpou.

e e ]
ahpeaipsd vl mbd T JFepi- —

=
oTgopd  swde  ogioilav | Evag kihwBpog aworeherar ame Buo iooug

Ear wiidndper bogel wa

ABTH yvigw add i - | 0 mapahhnhoug kukhmovc Biokoug, Tou
eivm o1 Baoceg Tou, kal Ty Topamhsupn
emipavena, ou, av Tnv Eeruhifoupe, Ba Soupe
OT1 ExEl o¥fpa opBoyuwwiou.

P Tows, of e TV R0, i ToTe
AfpEnal wvinadlper me el
OT R,

Hodlepa BU AseTmal| g OTTOCTacT] T 500 Bdoowy AEYETD UWog

ysviTRiga Tov kidlvdpov kil | oy KuhivBpou.
POV E T M T

Eppabov empaveiac kuhivipou
O O Ag BEWPNoOUPE To avamTuypa evog kulkivBpou.
Eivan pavepo om To gpfadov Tg MopdmAEUpnC ETIQAVERIS
Tou kukivbpouw colTm pe To epBalov Tou opBoyuwiou Tou

OXNEOTILETON, OTTOTE ITOUTE JE TO YIVOUEND TG TTERIMETEOU TrS
Faong emi To Ugog Tou KukieGpou.

H mepipetpog g BAomg woutm WE To prxog Tou kOkAou,
O O Bnhodn 2mp.




To eppabov E, ™nc wapamwAEupnc ETHPAVEIIS EVOC

kuhivBpou wolTm pE TV WEpIPETpO TS Paong (wou

eival ion pe 2mp) em To Uwog Tow kuAivBpou. Anhabn
E, = (mepipeTpog Baong) - (Ugoc) 4 E, =2mp - v

Duokad, ya va fpolpe To ohiko eppfabov Tou kukivBpou, TpETE
oTo epfobov TS TapaTTAEUpnG EMIpAVENS va mpooBEcoupE Ta
epPoBa Twv SUo Paoewy.

To ohed eppabov E,, evog suwhivipou oouTal pE TO
eppabov Tng mapamwhevpng emupaverag E, kan Ta epfaba
E, Twv Guo Bacewv. Anhabn:

E,.= E, + 2€,

ESAPMOIH 3

Koarog Sefapevi¢ kouaipuwy

Mz kAoworr] Befopewv] amoSAEEUTNC KOUTPWY EXE oymue Kudiv-

Spow pe oy 20 m ko axnve Baonc p = 30 m. Elvin KoTooREua-

gpEvT oo sk Aouapive ToU KooTida 5 € To TETpayWVIRD HETRO. \"-...___...-"/

Mows eiven To KEoToL M ACpapivas yio TV KaTaokeur] e Sebopewie

Ao Mpéme va Ppodps mHoa TETpaywviKd péTpa Aopapivac ypnowomoif8nray (Bnhadn

1o oMhkd cpfadov) Km wa 1o ToAAaTATMAOCOUYE PE TO KOOTOS 5 € OVO TETDOVLWIKD
uETpo.
« H mopamhsupn emgaveia £56 epRabiow

E, = (mepiperpog Baang) - (Uyac)

=Zmp-u=2-314.30- 20 = 3788 (m*).

= KaBepia amo g Baoeg £xe epfobov: Ey = mp? = 3,14 - 30% = 2828 (m?).
= To ohko epfabov Touw kuNvBpou Eivar:

E.=Eq+2 - Eg= 3788 + 2 - 2826 = 0420 (m?).
Emopeviug, To kooTtag T Aapapivas eivar D420 - 5 = 47100 €.

. To spfadov tov dbo Paceav sivar 2ax”, eve To spPfadov e mapdmievpnc

empavelos eivon 2ok, omov i To byoc tov xuhivipou. Eyovpe V =1x h =628,
628 200

omot1e h=— =—— i 10 epfaddv e TapamTisvpnc emMedvealas YiveTal:
TxT X
200 4007
Iy . L wn o
2rx R . Emopévec. o xootog Kix) etvaw

500
T 125=81x + =
X X

K(x)=2xx" -4+

pex =0

To euPadov Tov Pdcewv Tov KowTiow eiva T-5°2 = S0, £VE To KOGTOC TOVE Eivat
50.1-4 = 20071 (Spayp.).

To epPadév g nopamisvpnc emedvelos siven 21-5-8 = 807z, evéd To KO0TOSC THG
givar 80x-1.25 = 1007

Enopévac 1o cuvolikd wootog sivan 300r = 942 Jemta = 9.42 supa.



Acoknon 4:

‘A A

210 owmhavo oynua sival 4B = 1, N,
Al'=3 x4 = 2. Nu ek@pacets
T0 £UPudoV TOV YPULILOGKIUGLE-
VOU Y@PIOv ®F GLVAPTI|GT] TOL L.
x=AM. étav to M dwaypdoet to
gvBuypaupo T A7 m

A TM B I

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YVWOELG yLla T AUGon Tou
MNpoBAnpatog (oeAida 33,34, Nlewpetpia B Aukeiou)

Eﬂ Kpithpia opodintas

SEOPHMA | (10 Kpmipio Opondunas)
Av boo Tpryeve guovy Gbo povies Towg ioe; pie Tpog pie,

BEOPHMA Nl (20 Kpmfipgio Opodmms)
Ay H00 TpIyOVE EYoUY 600 TAEDPES aVALOYTES PIT TPOS
Mia K T MEPIERSUEVES OTIC RAEDPES QUTE YoVie] GEL,

SEQPHMA Il {30 Kprhpio Opositras)
Av Go0 TpiEVE EPOUY TIZ TLEVPES TOU CVEAOYES jia Tpog
M1Q, TOTE ETVOL OO,



e Av 0 < x <1 10TE:

Ta piyeva AMN ko1 ABE eivai Opow. OnoTe
x _(’MN)@{_ (MN)
(AB) (BE) 1 2
& (MN)=2x.

Emopévac. To epfadov Tov YpapilooKIacUEVOD 4 M B
yopiov, divetat amd Tov TOHITO

| T gl 5
E(x)=—x-(MN)=—x-2x=x",
(x) 2 ( ) >

pe0<x<l.
® Av 1< x <3, 161¢ 10 epPfadov tov ypap-
HOGKIAGUEVOD Y®piov eival GO jLe

E(x)=151-2+(x-l)2

=14+2x-2=2x-L pel<x<3.

Aot x?, D<x<1

2x-1, 1<x<3

E(x)={




Acoknon 5:

Eva opbBoyavio KAMN vyovug x

Cm Evol EVYEVPULLEVO GE EVO 4

piyevo ABI facne BT =10 cm / \

Kot vyoug A4 = 5 cm. No ex- N E M
opdoste 0 gUPudd E kol v B

nepipetpo P tov opbBoymviov ®g / \
GUVAPTIGT) TOL X. B K'-I ; A T

Znueiwpa : Mpoamnattovpeveg MabnuaTkEG YVWOELG yLa Tn AUon Tou
MNpoPBAnuatog (oeAida 36 , lewpetpia B Aukeiou)

MNOMIMATA

i) O loyog opmémes 5oo opowy tpIy@vEY vl igeg
WE T0 A0YV0 D00 OOV YV TODC

i) Oioyoc opowdmiTe; 500 SuowY TRTFEVEY EiVEL o
IE TO AOY0 D00 OPOAOYOY SUPOTOMDY TOT:.

i) O Aoyoc opmomnTes 00 GlEOWTY TPTF@VENY ETVAL 150
LLE T0 LOyo G00 opoioymy Mapscov Tons.

Ao Ta opowa Tpiyva ABIM wo ANM, eyovpe:

BT AA 10 5
= o ——=——2(5-x)= MN.
MN AE ~ MN 5-x

Enopsvac,
E=E(x)=MN-KN =2(5=-x)x= ~2x? +10x, 0 < x << 5 xm
P=P(x)=2MN +2KN =2-2(5-x)+2-x=20-2x,0<x<5.



Acoknon 6:

- O1 moA£000101 1O WOANS EKTILOLY OTL, 0TV 0 TANBLGUOS P g moANG eival X

EKOTOVTABES Y1MGdeC GTopa, Ba vdpyovy oty oA N =1042(x” + x) yaadec
avtokivita. ‘Epsvveg dsiyvouv 0Tt G £ £T1) 0d GNjUEpa 0 TANOVGUOC TS TOANG

Ba sivatl v/f +4 eKdTovTaoss YIAMAOES GTOLLa.

1) Nao exppdoete Tov apiBpd N 1ov quToKivijTav TS TOANS o5 GUVAPTICT Tow £

i1) ITéte B vadpyovv oty wOAN 120 yAdosg avtokiviTa:

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YVWOELG yLla T AUGon Tou

MpoPBAnpatog (oeAida 151, AAyeBpa B Aukeiou)

2° Na hubzi 1) elicaon x mx—2,
AYEH

H eficoon opifetar yia x 20, Av wyoooupE K1 Ta G0 PLEAT TNS OTO TETPaEyD-
Vo, TposimTEL 1) eficmon x = x* = dx + 4, 1) onoin ypagetm x* =Sx+4=0
kot Eyer of pilec nic x, = 4 wm x, = 1. On muéc qutés Tov X, av Ko tKavoTo-
oy TOV TEPIOPIONO x 20 Gev ebvin xm ot Gvo pilec mg apya; elicoonc.
Tpdypom av BEcovys TG THE aUTES oMY apyud) elicnor), Taipvoupe:
Tox=4:J4=4-2 movw eiver ainin; womta

Tax=1:41=1-2 mow dev etvin ahagbis woTTa.

Apa ) apyuc eizmon Exet o¢ povadua) pilo Ty x=4.

bbbl 70 T0 TAPETEVID TAPGEETYHE TPOKGTTEL OTL, OV UWPSHGOUKE T PEMT pag
£EIGmaT)S 5TO TERPETIVO, TOTE 1) eLioman Bou RPowDATE pRopel v SxE km akkeg piles extag
ax0 TS pLOEC TS EpyIEn; eXicmons. Efvan AnXoy GRepultTo OF TETOLES EMITECEL W K-
voupe ExainBeocy nev plev moo Pplowomis Km ve EIoppLITOUME 08 OX0 autic bev exo-
knBevowy my apa) eSicoaon.
3° Na hobzi 1 2icaon 2247 -x=2.
AYIH
H eEigemon opiletm o wabe xe B pe 12—%. I1" o e x Swdoymcd Eyovue:
Vx+T=x+2 {omopovivoupe To priwa)
(V2x + 7 = (x+ 2 (wyawonpe oTo TETpaymvO)
2x+ T=x +4x+4
'+ 2x=3=0
Htslmfuinaﬁamqéxfimpﬁ:rﬁqw!ug:mﬂpm%—hfml.ﬁndmﬂagmﬁg
StomorEvoups e enahibzoon om povo 1 x=1 sivar pila ™mc apjuac



Auon:

1) Eyoupe:
N(f)= m\/z[[-ﬁ +4)1 . +4} - sz[n 81 ++1 + ?,u) =10,2(1+ 941 +2~:}) _
11) Eyovpe:

m\}z(mwﬂ 2{])= 120 <:>J2(r +9-.f?+zﬂ)= 12

az(r+9~ﬂ+zﬂ)=144

=140t +20=72
<:>r+9vr—52:{]

o =4 q(Jt=-13, anop.) = =16

Emopévec petda axd 16 ypévia ta avroxiviita Ba sivor 120.000.
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MNpoBArpata oto onoia Xpnolonolouue tn Movotovia Kot to
Akpotarta:

Inueiwpa : Mpoamattoupeve¢ MabBnUATIKES YVWOELG yla T AUon
OAwV TwV TMPoPANUATWY TTou akoAouBoUv eival
(oeAidba 135, 140, 141, 144, oxoAko [ Aukeiou)

OEQPHMA

Eote o covapnon £ 1 omoia sivar o vey ¢ o &va Sudompa 4.

o Av f'(x)= 0 oe xdfz cowTEpin S onueio xTov 4, tote n F eiven pwnoing av-
Zovon oE 6ho To 4.

oAy f(x¥) <0cewdbe eomTEPIKS anueio ¥ Tov A, Téte 1) [ sivan ywnoiec @bi-
Voo Ge 6o To 4.

OPIEMOZX

Mux guvapnon £ pe nedio opropot 4, Ba Aépe 61 mupovouilel oto x, € A Tomko
péYieTo, OTOV DIApYEL 4 = 0, TETOW GoTE

f(x)<f(x) yuwewabe x e An(x, —8,x, +5).
To x, héyeton BEon 1) enpeio Tomkov peyictov. eva 1o flx;) Tomko pénerto g £

OPIEMOX

Mix cuvapnon £ pe nebio opropod 4, Bo Agpus ot mopovcdlel oto X; € A Tomued
eldneTto, 6Ty LVAApyEL 4 = 0, TETOW GOTE

f(x)z f(x,). nawdabe xe AN(x, =d,x, +0).

To x, h&yetan BEen 1] enpeio TomKkoD shayicTow, v To f(x;) Tomke ehdyieTo
me £

OEQPHMA

Eote pw covdptnen f napayoyicwyn o éva hdompa (a. £), pe efaipeon ionc va
oTuEio TOV X, oTo omoio opwc 1) f sivol cuvers.

1) Av f'(x) = 0 oo (a, x) karf'(x) < 0 oo (x,. f). 1612 T0 f (x,) Efvant TOMKOS PEVIGTO
mg £ (Zx- 35a)

1) Av f'(x) < 0 oo (a. x,) ko f'(x) = 0 o710 (%), ), T61E 10 f (X)) EfVOL TOMIKG £
xoto mg £ (Zy. 35P)
11) Av n f'(x) Sratnpei mpéonpo oto (o, x, ) U (x,, f). 101 10 f (%) bev eivar Tomo
axpoTaTo ke £ eiven yvnoios povotovn oto (a. B). (Zy. 35v).




Kat (oeAida 109, AhyeBpa A Aukeiou)

Fuvowilovias To Tupomdve COUTEPACLLOTA Y10 TIC ROPQES Tov TpL@vbpoL ax” + Bx + 7.
a # 0 pe Swxpivovoca A eyoope:

» AvA=0, tote:
ax? + Px +7 = alx - x)(x - x,).

omov X, X, o1 pilec Tov TpL@VDUOL.

= Av A=0, tote:

[_)} 2
ux1+ﬁx+'f:u(x+—] .
2a

o AvA<0, 1otE:

ox’ +px +T=a[(x+£] +ﬂ}

2 4o |

ITpoanyuo tewv TIHGY TOV TPIEVT OV
To va pelenjcovpe To TpdoUO TV TGV ToL Tpravipow ox” + fx + v, a# 0, Ba ypn-
CILLOTOINTOVLE TIC HOPQES TOV OVAAOYX LE TN OLIKPIVOLO.

To tapandve covoyiloviol GToV TivoKa:

To tprévopo ax’ + Bx + v, a £ 0 yivera:

* Erspdonpo tov o, povo otav eivar A= 0 ot yuo g TipEC Tow X, mov Ppiokoviar
petali Tov prlov.

* Mndév, otav 1 Tiun] ToL X £tvon Kamow ord Tig pilec Tov Tp@VIOpoL.

* Opdonpo tov o oe xabe alin nepintoot).



Kat (oeAida 101,102 , AAyeBpa A Aukeiou)

O avicadasic:ax + = 0xarax +f<0

[vapicaps oto [vpvacio ) dwdikooio ETADGTC L0C CVITOGT|S TS LOPETC
ox+ B =0 mcpopeicox+ =0, ue o wo f ovykexprusvous aptBuoic.
I svikoTepa Eyovps:

ax+p=0=ax+f-p=>-p
ax>—f

Maxpivoous topa Tic efc tepiTTOoELS
* Ava =0, tote:

mc::-—ﬁuﬂ::-j
o L

B

— X>—
* Ava <0, tote:

» Av o =0, tote 1 avicwmon yiveton Ox = — B, 1 omoia
¢ ainBevel via wabe xER. av etvan f = 0, eved

v etvan advvat), av etvar < 0.
[ mapaderypa:
* H avicoon 4x = § ypapetan:

4}{;:-3@:{;:-%@};}2_

Emopevec n avicaorn ot winbsos yia xE(2, +oo)

x’ 2
* H avicwon —4x = § ypapetar

-4x}3¢}x{-§¢?x{-2-

Emopévec n avicoon oot oinbeist yio xE(—oo0,-2).

=Y

X’ -2



HMpopinnota 2°° Kepalaiov

Acknon 1:

10 TUPOKAaTo OF1a SivovTol o1 YpagiKes TupucTACEL; TEYV CUVHPTHoEmY BECE®S
TpLaY KV TaY mow Kivijfnxkay mave otov afova x'vr oto ypovikd dudotnua amd 0
sec &mc § sec. Na Ppeite:

1) ITow xrvn1o Lexivnos and v apyn tov alova xivnong:
11) IToto xrvnTd Kevijnxe povo mpog ta 6efid;

1) ITowo xrvm16 alhale popd xivnong ) ypovikt] oTiyur £ = 2 sec, Tow TN ¥poviKy
oTrypr] { = 4 sec Ko To1o TN YPOoVIKY] GTIyUn {= 5 sec;

1v) IToto x1vnTo Kvijinke mpoc Ta opicTepd G2 6A0 TO Ypovikd Mdomua amd 0 sec
2w 4 sec;
v) IToto xtvnTO TEPUATIOE O KOVTA GV apy Tov afova Kiviiong:

vi) Ilowo xuvnto Sudvece To peyaidtepo Sdotnuo;



Inueiwpa : Mpoamattovpeve¢ MabBnUOTIKES YVWOELG yLa T AUGCn Tou
MpoPBAnuatog (oeAida 91, 92 , oxoAwd T Aukeiou)

ZITiyuicio Te 0 TYT

Ac Bzopricovps Eva oHNA TOV KIVEITOL KaTd prxos evog alova wot af vmoBécovps 6T 5
= S(f) efvot 1) TETUNUEVT TOD GOUOTOC CUTOD TN YPOVIKY] GTIYUT L

C P - O,

0] S(t) v x:S{;J-
Sir)

. ]
ES
=

L

H cvvapmon S xafopiler ™) B&on tov oopatog T ypoviky oty ¢ wo ovopdleton
cuvdpTi o BEong Tou KvnTon.

Ac vmoBécovpe. TOpa. OTL KATOW YpoviK] GTryu £ To xivito Ppioketon ot Bomn M, ka
0T petd and mapéhevon ypovov b, dniadn ™ ypovin otryun ¢ = & + h. Ppioketan oty
82on M. (Zy. 1). Z1o ypoviko SiGoTnpa and f; £0C { 1) LETATOMON TOV KIvIjTOw efviat iom
ue Sf) — 5(¢). Apa. n péen TeyUTNTA TOV KIVITOY G OUTO TO poviko HdoTnuo siva

S(t)—5(t,)  petordmon
L=t xpovog

Ogo 1o { eival TANGIECTEPR GTO £, TOGO 1) MEGT) TUVTNTA TOV KIVITOY divel pe KaAiTe-
pn mpocEyyion o pofucé allayfc mg Béong Tov KivnTov Kovid oto £, Ia 1o Adyo
autd To Opio NG HECH TaybTTac, Kubds To f Teivel oTo £, To ovopdlovps eTiymais
To BTN T TOV K Tod TN ypovik oTiypn & ko ) copfoiilovpe pe v(f). Aniadn:

D [1‘0] = IIMM
e

Ta napaderypa, av S(7) = — £ + 4¢ eiva 1) cuvapnon Beanc evog kevntod (Zy.2p).

iy [ ]

4 _______

|

1

L 1

1

1

1

| 1

1

1

1

i !

=4 H
- h P_z 1 1 1 -
(= = L o 2 4 !
o1 2 3 4 x=5(f) x=5(1)

(&) 1))

TOTE 1] CTIYLLCIO TOUINTA TOV KIVIITOU KOTd TS ypovikés oniypéc =1 =2 xkan £, =3
elvol OVTICTOLYmC:



S-S _ . ~£+d=3_ . ~-1N-3)

u(l)=hm i} i} =2
® } -1 | i1 i—1 -1 i—1
2 : 2 2
® u(2)=lim S(1)-S5(2) tim = b4t -4 tim (t—2)t-2) o
=2 i 2 r—2 i 2 2 i 2
. u[3}=limm=1im t+ 4t 3=1].m ) 5
3 r=3 3 =3 3 =3
EXO0OAIO
b T— . . e . . . S -58(t) .
TTO KIVEITOL TPOC T OECIA, TOTE KOVIM GTO I'.E, woeEl —m2 2—— > ﬂ, oo
=t

0
e eivan (5 )20, eve, OTav TO KIVIITO KIVEITOL TPOS TQ OPICTEPA KOVIQ GTO [ 10yt

S(r)-5(t,)

< 0, omote siven v(1,) = 0.

1) Ao v apyr] Tov dfova kiviiong Eexivioe 1o xtvnTo B

1) Mévo mpoc ta 6elid xviiBnxe to xevnto I, agpod 1) cuvapon BEong Tov sivat
yioieg ablovou.

111) T ypovia] otrypn £ = 2 sec 1o xevnto B dhhale popa xiviiong, yiati 1618 1)
guvaptnan Béonc and ywnoiec elivovon yivetar ywioio: avlovoon.
Tn otiyun £ =4 sec alhale gopd xiviong To xivnTé A, agov 1) cuvaptnom
B&omng Tov and ywnoiag plivovon viveto ywnoieoc abfovoa. Tehoo T ypoviT
oty =35 sec diials gopd wiviong To x1viTo B, agob ) cuvapmon BEarng
TOL amd YN oin: ablovoa yiverat ywnoing plivovoa.

1v) 1o ypovike duaotnua [0.4] To Kivn1é A Kevifnke Lévo apuoTepd, agob 1)

guvaptnon B&one tov etvar ywnoiog phivouoa.

v) ITo wovrd oty apyr] Ta@v aldvey TEPRAETIoE To KivnTo B.
Ola To mTopamdave goivoviol Kalbtepa, av Tpofdiiovus TiC Ypupikéc
TUPACTACEL TV cuvapTiosay BEan: otov afova Kivionc:



x=S(ne  4x=501)

S

Mg ¢ M, f
:
e, 14
U‘ M, 'ﬁt My *
* {t e (D
v
Ju, M

vi) To K1vn16 A 51GVVCE TO HEYUADTEPO SIACTIHAL, APOV:
— To A xtvn1o Saypaost SrdcTpa ico pe MM, +MM,
—To B xun16 Saypager Srdotnpa ico pe MM, + MM, + MM,
—To I' et Suaypaget sractpa ico pe MM,



Aoknon 2:

Mia opapua) prdda yoviod apyiler va Jéver H axriva g, movw shoattdvetar,

diverar oe cm amd Tov Tomo r = 4 — £, 6mov t o ypovoc ot sec. Na Ppeite to
puoud petaPoinc me empavewng E ko tov oyxkov Vg urdlac, 6tav £ = 1sec.

4
(GupnBsite 611 F = 4w ko V = E.ﬂr}'j ).

Inueiwpa : MpoarmattoUpeve MabnUaTlKEC YVWOELS yLa T AUCn Tou

MpoBAnuatog (oeAida 229 , Mabnuatikad B Nuuvaciou)

u=2p

GGG
-

Eppadov emeadveiag ogaipag

Omwg eidapge, n em@dveia mou BOnuioupyeital amd v
mepiaTpogn evog kikhou (O, p) yopw amd pia SidueTpd Tow,
oTTOTEAE] TNV ETTIPAVEID TIS TPaipac.

Eival evTuTwaoiakd 1o yeyovog om mpwrol of apyaion EAAnveg
pe Tov Apypndn umtohdyioay To epPadov Tg emeAavedg g
ogpaipoc Kol paMoTa guykpivovTde Ty Pe T Trapdimheupn
EMPAveIT ToU KuhivBpoul

O Apyiundne amédeife om, av o opaipo «eyypd@eTai» OE
KUABpo, OTTL gaiveTal oTo Brmhavo aynpa, TOTE n emedveid

mc ogaipac eivon ion pe v TopdmAEupn emM@AvEld Tou
KuhivBpou.

Emopévig: Egp =2mp-u=2mp - 2p n

To mponyoUpevo cupmépaopa MaTumwveTal Kal wg eEhc;

To eppfadov g empdvelag pag opaipag I0oUTal PE TO
epfadov TECTApWY PEYVIOTWY KUKAWY TNC.

Oykog TN opaipag
A¢ KOTOOKEUAoOUNE a opaipa akTivag p kal B0o kuhivipoug
Le Bdon kikAo akTivag p ko Oog u = 2p.
lepifoupe Diodoyika pe ahedpl TpElG QOpPEg TN OQaipa Ko
adeialoupe To arelpr oToug Blo KuhivBpouc,
Tehewovovtag PAETToupe oM ol Blo kOAvBpol eival Teheiwg
yepdrol. Emopévwe, o Tpimhdoiog Oykog ogaipac aktivag p
igo0Tal Pe Tov Bimhdoo yko kuhivbpou We akTiva Bdong p kol
Ogog u = 2p:

Wpp=2V, fi Vo= 3V,= 302 (20) 1



Kat (oeAida 116, oxoAko T Aukeiou)

Tevikd, av po guvdpmnon g sival mopoyayioyn o &va hdotyuae 4 kol 1 F sivan
Tapayeyicun oto gld), 1o1e 1 ovvaptnon f e g ivo Topoyoyiciun oto 4 Kot woybet

(flgl))' = F(g(x)-g'(x).
Anhodi, av u= g(x), tote

(f()' = F(u).ur.

Kat (oeAida 117 , oxoAkd T Aukeiou)

() = au !

Enedi] F(f) = 4w (f) wan () =4 — £ &yovpe:
o E'(t)=8ar(r)-r'(t)

=87 -(4=1)-(-2f) = -16x t{4 - ).

Apo
E'ly=-16mx(4-1)=-48x cm/s.
® Emz1om
] 4
Vity=—mr(1),
3
EYOULE
V() =4mri(t) - r'(f) = dr(4=17)*(=21)
=-8xH4-rY).
Apa

V'(1)= -8z -1(4-1*)* ==72x cm’s.



Acoknon 3:

O oyxog Vevog opaiptol pnaioviod Tov povoxaver auiavetat pe pubuo 100
cm'/sec. Me oo puBud avidveron ) axtiva Tow 111 1povikn) oTiypi £, Tow oot
sivat iom pe 9 cm;

Inueiwpa : Mpoanattovpeve¢ MabBnuUaTIKES YWWOELG yla T AUGon Tou

MNpoPBAnpatog (oeAida 229, Mabnuatika B Muuvaciouv)

Eppadov em@aveiag ogdipag

- Omwe eibapge, n em@dveia mou Bnuioupyeital amd v
mepioTpogr) evog kKikhou (O, p) yopw amd pia SidueTpd Tou,

i oTTOTEAE] TRV ETTIPAVEID TNS TPaipac.
w=2p | Eivanl eviuTiwolakd To yeyovog om Tpwrol o apyaiol EArveg

pe Tov Apypndn umrohdoyicav To epfadov TG emME@Aveiag g
Ogpaipog Kol PaMoTa guykpivovTdg Ty Pe T Trapdirheupn
emgdvela Tou kKuhivBpoul

O Apyipndne amédeife om, av pa opaipo «eyypd@eTain OE
KUAVGpo, 0TS gaiveTan oTo Srmhavo oynpa, TOTE n em@dveld
Mg ogaipag sival ion pe Tv TOpdTAEUPn EMQAvEld Tou
KuhivBpou.

Emopévwg: Eqp =2mp - u=2mp - 2p 1 E,, = 4mp?

To mponyoUpevo oupmépacpa SaTumwveral Kol we eERg;

To gppfadov Tng em@dveiag piag o@aipag 1W0oUTal PE To
@ @ @ epfadov TEoodpwy PEVIoOTWY KUKAWY TN,

Ovykocg Tn¢ opaipag
Ag KoTooKeUdooUpE ia opaipa akTivag p kol 500 kuhkivBpoug

pe Bdon kikho akTivag p ko Dog u = 2p.
] [ lepifoupe diadoywa pe akelpl Tpelg Qopeg TN o@dipa kol
2p 2p

abdeiadoupe To aredpr oToug Blo KuhivBpoucg.

Tehewovovtag PAETTOUPE 6T o B0 kKOAvBpol eivanl TEEiWG
yepdrol. Emopévwg, o Tprmhdoiog Oykog ogaipag aktivag p
ioo0Tan pe Tov Simhdoio dyko kuhivBpou pe akTiva Bdong p kol
Ogog u = 2p:

. 2 2 .
3!""5? = EV‘ n vuq-: Evuz Eﬂ-pg (2p) 1




Kat (oeAida 116, oxoAiko I Aukeiou)

Tevikd, av po guvdpmnon g sival mopoyayioyn o &va hdotyuae 4 kol 1 F sivan
Tapayeyicun oto gld), 1o1e 1 ovvaptnon f e g ivo Topoyoyiciun oto 4 Kot woybet

(flgl))' = F(g(x)-g'(x).
Anhodi, av u= g(x), tote
(f()' = F(u).ur.

Kat (oeAida 117, oxoAiko T Aukeiou)

() = au !

Eme1dn
. 4 L.
Fity= Em‘ (f) Eyovus
V'(t)y=4nr’(H)r'(t) xmya t=t
V'(t,)=4mr (1,)r'(1,).
Eivat opog V(1) =100 cm'/s ka r(t)) =9 cm omdte Eyovus
100 = 479° K1, ).
Emopeveac
100 23

Fit,)=——=—— cm/s.
o) 47 -81 8l-m



Acoknon 4:

To k6oToC Tapayoyic, K(x). kot Tt toinonc II(x), x povadev evoc fropmya-
vikoD TpoidvTog divovrol amd Tig cuvapTioel; K (x) = %_ﬁ =20 +600x +1000
wat I7(x) = 420x avniotoiywc. Na Ppeite mote o pubudc petaPoinc tov képdouc,
Hx) = I(x) — K(x), etvon Betudg.

Inueiwpa : Mpoamnattovpeve¢ MabBnuUaTIKES YWWOELG yla T AUGon Tou

MpoPBAnpatog (oeAida 229, oxoAwo T Aukeiou)

Imnv owovopia, To kootoc mopayays K, n eionpaln E xm 1o xgpboc P exppalovro
cUVEPTI|GEL TN TOGOTNTOG ¥ TOv Mapayduevow mpoidvios. Etor n mapdyayog K'(x)
mapiotdvel To pubpd petafolrc Tov kéotou K g mpog TV T0COTNTA X, OTOV X = X Kot
AEYETOL OPLUKD KOGTOS 6TO X, Avdioya, opilovial Kat o1 £VVoles oplgKl EiGmpull) 6TO

XD Kl OpLIKDO KEPOOC GTO Xﬂ,

2. Av To Guvoliké KOGTOS TUPUTEYIS X povadoy evos fropnyovikot wpoidvrog sival
K(x) won n evvoikn siempoeln amo v moinen tovs givon E(x), tote Ax) = E(x) —

K(x) given To ouvoiiks képdog kon K, (x) = £iVU1 TO NEGO KOGTOS,

i) No omodsicers 0T 0 pubBpos perofoinjs Tov kKEpdouvg undeviieTon oTov o pubpog
petofoiic Tov KOGTOLS Kol 0 pubpos petafoias Tne siempulns givol icot.

ii) No amwodeilete ot 0 puBpoc petafoine Tov pEGOV KOGTOUC MIGEVIZETON OTUV TO
NEGO KOGTOS EIVUL IGO0 JE TO OPLUKO KOGTOC.

AYEH
1) O puBpoc petafoisc Tow keépdov: sfva
P(x)=E(x)- K(x).

Emopevoc,
Plx)=0e E'x)-K'(x)=0< E'(x)=K"(x).



11} O puBudc petafoinc tov pécov KdGTOLS Efvan
K'(x)-x-K(x)

K.(x)= ;
Emopéveg
.‘i’;{x}={] e K'(x)-x=K(x)=0
o K'(x) =X
x
o K'(x)= K, (x)-
Eyovus

P'(x)=1T"(x)-K(x)
=420- ¥ +40x— 600
=—x +40x—180.

Eivar P'(x) = 0 yia 6Aa Ta x petals tav piliv Tov provipon —x +40x=180,
Snhadi xe (20 -+/220,20++/220).



Acoknon 5:

Avo mhoia 7, ko IT, avayepodv cuyypéveg arnd
gva Apdvi A. To mhoio JT, xveitol avatolixd pe
tayomra 15 km'h xot to I7, fopeia pe tayvmTa
20 km/h.

1) Na Ppeite nig cvvapmios; Bcenc tav 7,

Avarodn
won [T, -

1) Na amodeifete 6t 1) amdotaoy d = (IIMT,) tov dvo mhoiov ovidvetal ue
otafepd plud Tov omoio Kol Ve TPOCHOPICETE.

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YWWOELG yLla T AUGon Tou

MNpoPBAnuatog (oeAida 96 , oxoAwkd I Aukeiou)

® H oniypuoio TaydiTa eveg KIviTon, 0 Jpoviky] GTiyur 4, ival 1) Tapdywyos g ou-
vaptnaor; Beang x= 5(f) ™ ypovua oTiypn §. Anhabdr. etvat

() = S(t).

Kat (oeAida 229, AhyeBpa A Aukeiou)

Amooracy anusicw

Eote Oxy éva cbompa cvvietoypevav oto eninedo ko A(x,.y,) ka B(x,.y,) 6vo on-
neio cutov. Oa deifovpe OT1 1) ATOGTUOT TOVS HIVETOL IO TOV TUIO:

{A-B:':\J‘{xz =% ) +(¥,—y)*



1) Eota x(f). y{f) o1 cuvapmice Bicemv tav mhoiav IT,. IT, avnictoiyac. Tote
v, =x(1)=15 xm v, =y'(1)=20
OMOTE x(6) = 158w y(f) = 20¢,
apol To Thoia IT,. IT, avaympobv Guyypovac omd To Ayudvt.
11) Ané 1o opoyavio tpiyevo AIT IT, xovpe
d* (=X (O + v (D) = (15 +(20¢)
=225¢ + 4007 =625¢.

Apa d(f) = 25¢. ondte o puOpdc petafoinc e andotuong d sivar otabepoc
KO 1GOUTOL LE

d'(f)=25 Km/h.



Acoknon 6:

‘Eva xovnto M Eexivd amd v apyt] Tov afdvey Kot Kveital Katd pnxog mg
l ) LY
KQumoAng y =;_r', x 2 0. L& moto onueio ¢ xapmoine o puBudc netafoing

TS TETUNUEVTIC X Tov M sivat icoc e To pubué petafornc e TETayuévne Tov
¥. av vrotebei o1 X'(H) = 0 yia xabe £ = 0.

Inueiwpa : Mpoamnattovpeve¢ MabBnuUaTIKES YWWOELG yla T AUGon Tou

MpoPBAnpatog (oeAida 123, oxoAwo T Aukeiou)

Av dvo petofintd peyedn x. y cuvdsovion pe ) oxgon ¥ = fx). otav Feivon pia
GUVAPTNON TapUyYioWn oTo X, T0Ts ovopdlovpe poBpé perofoing tov y o
TPOS TO X 6TO anpsio x; TV mapdyayo f'(x).

Kat (oeAida 116, oxoAko T Aukeiou)

Tevikd, ov pa cuvdptnon g eivon mopayoyion o &va hdomuo 4 xor n £ sivon
Tapoyoyioyun oto gld), 161e ) cuvaptinon f - g efvol Tapayoyicyun oto 4 Kot 1oybet

(flgl)' = F(g(x)-g'(0).
Anhadi, av u= g(x), tot1e

(f) = F(u).ur'.

Kat (oeAida 117, oxoAwo T Aukeiou)

() = au




Eoteo M [_rl[r}, %f {r}} onueio ™m¢ mapafoinc, ™ ypovia) oty ¢ pe (= 0. Tote:

3

x(r)= [%r [r}} S x(n= %zxu}x'(r}
1= %.rl{a‘} (agov x'(f) = 0 yia xabe £ 0).

Apa x(f) = 2. omote W(t)=—-2" = 1. E1ct 10 anueio eivar to M(2.1).

!
4



Acoknon 7:

Av 1 emgdvewn o opaipos avfdaverat pe pudpo 10 cm’/sec, va Ppeite To pub-
1o e Tov omoio auidvertal o yxoc auTnc oTay r= 85 cm.

Inueiwpa : Mpoanattovpeve¢ MabBnuUaTIKES YWWOELG yla T AUGon Tou

MNpoPBAnpatog (oeAida 229, Mabnuatika B Nuuvaciou)

u=2p

-

Eupadov emeaveiag ogaipag

Omwe eidapge, n emgdveia mou Bnuiovpyeital amd v
mepioTpogn) evog Kikhou (O, p) yopw amd pia SidueTpd Tow,
aTToTeAE] TNV ETIPAVEID TNG TPAipag.

Eival evTutiwaoiakd To yeyovog om TpwTol ol apyaiol ElAnqveg
pe Tov Apyaundn umrohdyicay To epPadov T emMEAaveias mg
Opaipoc KAl PaMoTa CuykpivovTae Tny PE TNV TIapdmmheupn
EM@dveld Tou KuhivBpoul

O Apyiundng ameédeie 6m, av pa opaipa «eyypdPeTai» OF
kOAvGpo, OTwg gaiveTan oo Snmhavd oynpa, T6TE n emedveid

me ogaipac eivol ion We Ty TOPATAEUPN EMQAVEID TOU
KUAivBpou.

Emopévig: B =2mp -u=2mp - 2p R

To mponyoUpevo oupmépacpa SaTumwveTal kol we eERc;

To epfabdov Tng em@pdveiag pag opaipag WwolTal PHE To
£pfadov TECTdpwY PEYVIOTWV KUKAWY TNG.

Oykog TNg ogaipag

Ag xaraoksUudooupE g opaipa akTivag p kal Blo kuhkivipoug
pe Bdon kikho aktivag p ko Oog u = 2p.

lepifoupe Siodoyikd pe akelpl Tpelg QopEc TN o@aipa kol
adeiadoupe To arelpl oToug B0 KuAivBpoug.

Tehewovovtag phémoupe 6m o Blo kdAvBpol eivan Teheiwg
yepdTol. Emopévwe, o TpmAdoog OyKog ogdipac aktivag p
ioodTal pe Tov Bimhddio dyko Kuhivbpou pe akTiva Bdong p kal
Oyog u = 2p:

3.,""5?: EU: M Unq-: Evu: ITpt - (2p) 1



Kat (oeAida 116, oxoAko I Aukeiou)

Tevikd, av po guvdpmnon g sival mopoyayioyn o &va hdotyuae 4 kol 1 F sivan
Tapayeyicun oto gld), 1o1e 1 ovvaptnon f e g ivo Topoyoyiciun oto 4 Kot woybet

(flgl))' = F(g(x)-g'(x).
Anhodi, av u= g(x), tote

(f()' = F(u).ur.

Kal (oeAida 117, oxoAko I Aukeiou)

() = au™

Eote r = r(f) n axtiva ¢ opaipuc, ®F cuvdpmmon Tov ypovov t Tote stvar:

Vit = %m‘jfr},

OmoTE
}"'fr}=%n 30 - (O =4z -r () (1) (1)
Eivai 6poc
E(t)=4r-r (1),

OMOTE

E'(N=8x-rityr' (1) = ri)= 71 0) -E'(1).
O timoc (1) yivetot

V'(ty= 4 (1)- Hﬂlm E'(t)= %-r[r}-E ().

Enopévec

V'(t,) = —85-10 =425 cm’/s.

b | =



Acoknon 8:

‘Eote I'to epfoadov tov ipryévon O4F mov opilovy ta onueia O(0,0). 4 (x,0) xo
B(0.lox). pe x> 1. Av to x petafalieton pe pubuo 4 cm'sec, va Ppeite 1o pubuo
petaPoinc tov epfadod T, 6tev x = Sem.

Inueiwpa : Mpoanattovpeve¢ MabBnuUaTIKES YWWOELG yla T AUGon Tou
MNpoBAnpatog (oeAida 120, Mabnuatika B Muuvaciouv)

Eppadov opboywviou tprywvou
Orav 10 Tpiywvo ABI eival opBoywwvio, TOTE N pia ammd g KABETEC

B TTAEUpEC givan ) Baon B kal n aAAn 1o Uwog Tou.
A 1o, 4.
= Emopévwg: (ABI) = 2|3 U= 2[3 V.
A B r{ Toeupaddv evog opBoywviou TpIywvou Eival ico JE TO

HICG TOU VIVOHEVOU TWY U0 KABETWY TTAEUpPWYV TOU.

Kat (oeAida 116, oxoAko I Aukeiou)

Tevikd, ov pua ovvdptnon g eivon mopayoyicyn of &va cdomuo 4 ko 1 f eivon
nopayayioyn ato g{d), 1ot 1 ovvapnaon f o g eivon Topoy@yiciun oto 4 Ko oybet

(Flgt) = £ (g(x)-g'(x).
Anhadi, av u= g(x), tote
() =F(u).u'.

Kat (oeAida 117, oxoAko I Aukeiou)

(In |H|)'=l-ﬂ'
u




Eyoupe:
T=T{x)=(0AB) = %_rln_r, apon x> 1.

Eme10n] 1o x givon GUvapTNGT) TOV ¥povon £, EJovlle

1 FB{ﬂ,!m}
T(t)= ;_r(r} In x(r), omote
, 1, 1 1, r
T[r}:;_r[r}ln_r[r}+;_r[r}ﬁ_r[r} -
= - - a ACx0)
= %x'{r}{]nx{r} +1).

Emopévag ™ ypovikt| otrypr] £, mov sivon x(4) =5, &yovue

T'(t,)= %_r'(rn Nnx(z)+1) =

- %4(1.15 +1)=2(In5+1) cm¥s.



Aoknon 9:

Evac avlpoamoc orpayvel &va
KOUTL GTN paume Tov Humiovol
GYNUOTOC KOl TO KOUTL KIveiTot
pe tayvmra 3 m's. Na Ppeite
Moo YpNYOPQ OVOWEVETOL TO
KOUTL, dniadn To puBuod petafo-
AN ToL ¥

Inueiwpa : MpoamattoUpeve MabnUaTIKEC YVWOELS YL T AUGn Tou
MpoPAnuatoc (oeAida 33,34, Nlewpetpla B Aukeiou)

Eﬂ Kpithpia opowdtntas
BEOPHMA | (10 Kpmipno Opondonmas)
Av 9o tpryeva Srovy bio YEVIES TODS I0ES I Kpog i,
-

BEQPHMA Il (20 Kpmhgio Oposimms)
Av fuo Tpiymva Epouv G0 TACDPES OVALOYES HIG TP
Wi W01 TR REPREYOREVES OTIC BRAEPES ODTES YVIES 10EC,

SEOPHMA Il {30 Kpripio Opositras)
Av G500 TpiyeVe EROTY TIg TLEVPES TO CVEADYES jid Tpo;
M1E, TOTE ETVEL OO,



Ta piyerva TAE war T BA etvon duoia.

£ 4 Sem
Yos o5 o, 4
s 20 7200 7T r & 4
Em=s1on ta y w0 s eiven guvopTiGELS TOD Ypovon
i, givan
wir)=—slz)
Emopevec



Acknon 10:

‘Eva aspoctato 4 agiver To @

£bapoc oe andotaon 100 m and

evav mopatnpnt] I pe tayorn-

ta 50 m/min. Me mowo pobud

avfaverar 1 yovia € mov oyn-

patiler 1 A0 pe 10 dagoc ™ f
YPOVIKT] OTIYLY] KTl TV omoio T : 100 m
T0 pumaiiovt Ppioketat oe vwog

100 m.

Znueiwpa : Mpoamnattovpeveg MabnuaTkEG YVWOELG yLa Tn AUon Tou
MNpoPBAnuatog (oeAida 232 , Mabnuatika I fupvaoiou)

anévavtl kaPet mAeupa Al

Npw = UTIOTEVOUOQ - Br
e — pookeipevn kabetn meupd _ AB
o B uroteivouoa - OBr
- ariévavt kABem mheupa Al

TpOOKelevr) KGPFeT TAsUPd ~ AB

Kat (oeAida 116, oxoAiko I Aukeiou)

Tevikd, ov o covdpnon g eivon mopoyayicyn oe éva dwdomue 4 ko 1 f siva
napoyeyiowun oto g{d), 1o1e 1 cuvdptnon f o g sivol Tapayoyiciun oto 4 Kot 1oyier

(Flgk))' = I (g(x)-g'(x).
Anhodi, av u= g(x), tote
(£()) = £ (u)-ur".

Kat (oeAida 117, oxoAko T Aukeiou)

(. ] '
€9 o "




Abon:
H vawvia 8 etvat cuvaptnan tou ypdvon ¢ Amo to opbovavio Tpiyave OAIT Eyouus

hit -
spl(t) = % Mupayayilovias Ty iw0oTNTa £yovue dodoyikd

_(HD))

(epB(1)) _{muJ

: Ny =
mwzﬂl[r}.& O=70"®

a'(f) = ﬁh'l{r}-m:vzﬂl{r},

OmOTE

1 3
49'[!‘“}=ﬁ-ﬁ'[r‘,}-mwﬂ[a‘n}_ (1)

Oupag, ™ ypoviki oTrypr] £ mov To proidévi fpioketo oe vyog 100 m oydet:

2
h(t,) =50 xar cuvB(L)=ocuvds = T" Emopévec

1
0'(t)=—-50-
(%) 100

rad/omun.

1
4

£ | b2



Acknon 11:

Mia yovaice dyoug 1,60 m ano-
poxkpivetTot amé | paon evéc
@avooTarn) vyouc 8 m pe tayw-
mta 0,8 m/s. Me ot TaydThTa
aul@vetan o iowioc g ”

w R
ml‘\
x
3 T
I

i} x

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YWWOELG yLla T AU Tou
MNpoBAnpatog (oeAida 33,34, Nlewpetpia B Aukeiou)

Eﬂ Kpithpia opodtntas
SEOPHMA | (10 Kpmfipio Opondonmas)
Av Gvo Tpryeva rovv bbe YEVIES TODS I0ES Jia Xpog i,

SEQPHMA Il (20 Kpmhipio Opaibmms)
Ay Ho0 TPIyOVE EYoUY 600 TAEOPES aVELOTES PIG TPOS
Wi e T MEMEYOREVES GTS RAEDPES GOTE YOWiES ToEL,

GEOPHMA Il (30 Kpmhipio Opostras)
Aw G50 TpTpeva EROTV g TLEBPES TOUS CVALOYES i Tpog
JIE, TOTE ETVEL OO,



"‘H

Avon

Kat to napadetypa (oeAida 220,221, Mabnuatika I Ffupvaoiov)

MAPAAEIrMATA - EOAPMOTEZ

‘Evag npopoieag N Bpioketar oto £dagog Kal pwTilel eva dgvtpo Bl H okia tou
SEVIPOU OTO QMEVavVTL KTIpIo (TAvel PEXPL TV opogr] Tou 4ou opogou. Av To
IOOYELO Kal KaBe opogog £xouv Ulpog 3 m Kal 1) aroatadn Tou SEVTpoU arno Tov
npofoA£a elval 8 m, evw arno To Kriplo eivat 12 m, va Bpebel To Uog Tou SEVTpOoU.

la Tplywva Bl kat MNB'T" sival opBoydwvia,
apol B = B' = 90° kat £youv 1 yovia I
Kowr). Emopévwe, €xouv dUo ywvieq (oeg,
ondte efval dpola kal Ba £xouv TIC opOAOYES

mAeupec Toug avahoyeg, dnAadn +
B B T :
B -1 M === o T S

H okid kahdrel 1o woyelo kal 4 opogouc, ondte Ba €xet Upoc BT =53 = 15
m. Apa n woommra (1) yiverat % =3 _|_812 20 - Bl' = 120, onote 10 Ubog Tou
Bevtpou eival Bl = 6 m.
VAT Ty opiowd T T Tprvavay PO wa EITY eyoupe

1,6 5

= (1)

8 xX+5

Ta x, 5 sivol ouvapTioelg Tov Ypdvou ¢ kot woydet. ¥() = 0.8 m/s eved 5'(f) etvan
o puBudc petaPoirc Tow i.G“IClGDl | yovainos.

Amd v (1) &yovpe:

1
0.2= S r=02x+5)=08s=02x & 5(t)=—x(t)
x+s 4

Emopevag

s'(t)= %x'l{r} =0,25x"(r)
Apa

§'()=0,25-0,8=0,2 m/s.



Acknon 12:

Eva mepumodncd 4 wiveitol Kotd pixoc g 1,4
KOUmoAnG y = —]E_rj, x <0 minowalovrag mv

ot Kot 0 mpoPoitac Tov geTilel xatsvbeiay

enmpoc (Zxipa). Av o ppog petafoing me te-
TUNUEVI|S TOV TEPLTOAIKOV HIVETOL OO TOV THITO

a'(f) =—alf)

va Ppeite 1o pubpo petafoinc g TETUUEWC
Tou cnueiov M e aknig GTo oToio TEQTOLY Ta
QOTA Tov TpoPfolia TN YPOVIKT GTIYUN KaTd TV
OMOoid TO TEPITOMKD EYEL TETUNUEVT] —3.

L . R

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YWWOELG yLla T AU Tou

MNpoPBAnpatog (oeAida 96 , oxoAwkd I Aukeiou)

® O guvtsheotiic S1ebBuven TG egantopévns £ g G, Jas Tapayo icipns cuvapTnons
f, oto onpsio 4 (x;. flx,)) etven n mapdyeyos mc f oto x;. AnAadi, sivan
i=F I:XHJ,

omote 1 efioQoN Mo EQanTouE VY C & eival

y=1flx) =1"(x) (x—x)

Trpv schion f'(x) ™ epantopévc £ oto A(x. ) Ba ™ Aepe ko kiion g Croto 4 1)
Kiion s foto x;,

Kat (oeAida 74 , MaBnuatika B f'upvaoiov)

InMeia TOPAG TNG euBeiag ax + By = y HE Toug AEOVEC

>

IN'vwpifoupe o1 0 atovag X'X Exel eciowan y = 0.
Emopévwg, yia va Bpoupe 1o anpeio A oTo otoio n evBeinax + By =y, pea # 0 n
B # 0 répver Tov dEova x'x, Betoupe y = 0 kan uTTOAOYICOUHE TV TETPMNUEVN TOU X.

INvwpidoupe 6m o afovag y'y £xel eCiowan x = 0. Emopévwg, yia va Bpoups 1o onpeio
B oro omoio n eubeio ax + By =y, pe a0 n B0 1épvel Tov afova y'y, BEtoupe x = 0 kai
uttoAoyifoupe TNV TETAyPEVD TOU Y.



0O mpofoituc Tov teprmolikot poTilel Kotd ™ Mebbuvan TC EQUITOUEVTC TN
C - KOBOC uTo KIVEITa KaTd PiKog g KOPUTOANC. 1
Bpiowouus v elicaon mc epartousvne me O , OT0 onpeio g A[m —Eaj J

Eivar 7'(x) :(_]Ef } ==x"omote () =—a”. Emopévec, ) epumtopsvn AM
gyer eliooon:

V+ Igcf = (x—a).
Ia y=10, ggovus

i

1 1 2 3 2, 2 3 —
—a =g x+a S o x=—a S ¥=—d.
3 3 3
2
Apa, to onueio M eyer teTun ey xii) = Ecr (t). Emopévac,
L : ( : (
X({t)=—a ()= ——axlt
) 3 ) 3 )

K1 T ypovikl] oTuypn 4. mov sivar, a(f) = — 3, yovue

_a HOVHGES PTKOUG
uovida ¥ povoyu

2
¥lty) ==33)



Acknon 13:

Mia oxdia pixove 3 m sivar TomoBemnuévn o
&vav Toiyo. To KaTe PEPOC TNC oKAALC YADGTPA-
£1 oT0 danedo pe pubud 0.1 m/sec. Ty ypovixiy
GTIYU] £, OV 1] KOPLPY] TNS OKAAAS GREYEL A0
To damedo 2.5 m. va Ppeite:

1) To pvBpé petafoing me yaviag 8 (Tyipa).
1) Trv Togd TR e TV ool TEQTEL ) KOPLET

A ¢ oxdiac

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YWWOELG yLla T AU Tou
MpoPBAnpatog (oeAida 96 , oxoAwkd I Aukeiou)

® H onypaoio Tayvmna evog KivnTol, T ¥PovIKY] GTIYUN 4. ival 1) Tapay@yog TG ou-
vapmong Beong x= S(§) ™ ypovua] omiypn) 4. Anhadn. eiven

oty = S(1).

Kat (oeAida 232, MaBnpatika I Ffupvaoiov)

naBaue ot
arévavtl kaBem mheupd Al
NHo = UTIoTEVOUOQ - Br
e = npookeiuevn kdfem mheupd _ AB
ooV = unotelivouoa - Br

I anévavil kafem mheupa Al
PO = fpooKelevn kGPem TAeUpd . AB




Kat (oeAida 116, oxoAiko I Aukeiou)

NMYOAroPEIO @EQPHMA
ZIe KdBes opfBoywvio Tpiywvo To dBpoloHa TwWv TETpA-
Vwvwy Twyv B0o0 KABeETwv TTAEUpwy Eivdl ico HE TO
TETPAYWVO TNE UTTOTEIVOUCOC.

Maparfipnon:
210 GimAavo aynua 1o piywvo ABIN eivan opBoywvio oro A.
2uppwva pe To NuBaydpeio Bewpnua 1ayuel an:
af = §2 + y¢, dnAadn to epfaddv Tou peydlou moprokaAl TETpAYW-
vou givar ioo pe To aBpoigua Twy eufaduwy Twy U0 TRaoIvY
TETPAYWVIIV.

Kat (oeAida 116, oxoAiko T Aukeiou)

Tevikd, ov o govdpmon g eivon mopoayayicyn oe éva ddomue 4 ko 1 f siva
Topayayiciun oto g(d), 16T 1 cuvaptnon f = g sivat Topayoyicyn oto 4 Kol 1oyhet

(flgla))' = £ (g(x)-g'(x).
Anhadn, ov u= g(x). 1o1e
(fw)' =" (u).u'.

Kat (oeAida 117, oxoAwo T Aukeiou)

(oovy)' = —nuu-u’




To ueyedn x, ¥, 8 sivot covopTHGELS TOD FPOVOD Ko LTYDEL
v, = »'(f) ko v, =x()=0,1 m's.
Tn ypovika] oTiy] £ TOL 1) KopLET TS GKaAag améyel and To daredo 2.5 m sivat

M) =25k x(t,) =43 =7 (1,) =4/2,75m.

1) Eyovue x(1)=3ouvA(r), omote x'(1) = =3nud(7)-0'(r) wm dpa

'ty =———— x'(1).
(1) 3ﬂuﬁtf}rm

Emnopeveac

1 1 1
it )==——— 3t )= =—— 0,1 = =—— r1ad/s.
(1) o) x'(t,) 3.2‘5 5 rad/s

3

11) A6 To opfoyévio Tpiyamvo OAB Eyovps x° (1) + v (f) =9, omots

()X () + 2p(0)y' () =0 y'(1) = —ﬁ-.r'r:r}-
i)
Apa,
—x(t,)
r,) = ——x'(1,),
T
OTMOTE
yip=-Y25 L 275
2,5 10 2



Acknon 14:

Eva ko veiton o xukhoa) Tpoyid e elicoon X+ _yz = 1. KaBog mepviet
143

omo TO ONUEio A[?T}, 1 TETaYNEVY ¥ shaTt@veTar pue pobuod 3 povadeg to

O s
Ogvtepolento. Na Ppeite 1o pubud petafoins g TETUNUEVC X TN YPOVIKT OTIY-
LLT] TOU TO KV TO MEPVAEL amd TO A.

Inueiwpa : Mpoamattovpeve¢ MaBnUOTIKES YVWOELG yLa T AUGn Tou

MpoPAnuatog (oehida 155, oxoAkd A Aukeiou)

EQAPMOT'H VA
‘Eote C o kikhog pe kévrpo v apyn O tev M(x,y)
aZévev won oktiva p. No arodsiyrei 6T éva c
enusio M(x, ¥) avijkeal otov kixho C, av ko p
pévo av weyxos x° + v = pl
0(0.0) X

ATTOAEI=ZEH

Eiven mpogaves on eva onueio M(xv) avixet
otov xuxho C, ov Ko povo av wywetl (OM) = p.

Opag (OM) =4/x" +y?, ondte Exovpe:

(OM)=p <= X +3,rr2 =p:-:::~xz+;,r2 =[::2

Emopéva: o onuesio M (x.y) avixet otov xoxho C (O,p), ov Kot Lovo av o1 CUVIETOYE-
VEC TOU IKOVOTOWUY TNV efiomoT)

x’+y' =p’ (1)
H efiocwon (1), mov wovomoisiton and TiC CUVIETAYUEVES TEV oTueiov Tov koxiov C (0,
p) Ko povo amo autec, AEyeTm eSicmen Tov Kikiov pe kévrpo O ko axtiva p.

[a nopddetypa, 1 eficwnon Tov kirchov pe kevipo O xmaxtivaep=1 etviun x> +y* = 1.
O xdxhoc auToc AEyETm Kol povodiios KOKADS.



Kat (oeAida 116, oxoAko I Aukeiou)

Tevikd, av puo covdpmon g sivon mopayoyicyn o éva ddomua 4 xa 1 F sival
mapoyoyioiun oto g{d), 101e 1 cuvaptnon f e« g eivol Tapayoyiciun oto 4 Kot 1oyhet

(flgl))' = F(g(x)-g'(x).
Anhodi, av u= g(x), tote

(Flu))' = £ (u).ur".

Kat (oeAida 117, oxoAko T Aukeiou)

() = au !

"Eoto x=x(f) xm y= y{f) o1 covietaypéves Tow Ky To, T Jpovikn otyur £ T

1 43
YPOVIKH GTryWY) £, To To kvt Ppioketar o Béon [ —] EyoupE

._.31 2
'\.l'r3
2 -

Emiomnc gyovpe:
¥'(t,) = =3 povadec/sec.
Eme161] T K1vn 10 Kiveitol oTov KhKAo ¥+ f =1. givan
Y (O+y0=1.
OMOTE EYovE Sradojyd
(3 (1) + (1 (1) =0 < (') + 2y ()Y () =0
< x(t,)x'(t) + wl(t, ))/'(1,) = 0.

Emopevec

Wiy

xX(t)=- @)
1|

=33 uovibec/sec.

, (-3)43/2



Acknon 15:

H 8&om evoc xevnrod mdve o &vav alova T ypovikn oty ¢ 6ivetatl amd )
CUVAPTNGT):
x=5()=rF-8~+18F - 16:+160,0<t<b.
Nao Ppeite v TaybTnTE Kot TV STITAYUVET TOD KIVITOD Kol OTN GUVEYELN Vil
QIaVTGETE oTa axdlovBa epoTilaTa:
1) [Tote TO KV TO EYE1 TEOTNTA UNOEV;
1) ITote 1o K1V 1o xaveiton wpog Ta def1d Ko MOTE TPOC TU UPISTEPG;

111) I161e 1) TaydTTE TOU KV TOU OREAVETOL KOt TOTE PEDVETAL;

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YVWOELG yLla T AUGon Tou

MpoPBAnpatog (oeAida 92 , oxoAwkd I Aukeiou)

ZXOAIO
S(1)-S(,)

Tc.

te givar ()20, eve, éTav TO KIVNTO KIVEITOL TPOS TA OPIGTEPE KOVIA GTO & 1G)DEL

S() - S(t,)

r=1

Otav &va KivnTd Kwveiton mpog Ta defid. TOTE KOVId oTo £ 10YHEL = (). omo-

< 0, omote sivan L(1,) <0,

Kat (oeAida 96, oxoAiko ' Aukeiou)

® H oniypioio TaydTiTa eveg KIVIiToD, 0 JpOoviky] GTIyun &, gival 1) Topdywyos g ou-
vaptnen; Beong x= 5(f) ™ ypovua oTiypn §. Anhabdn. sivat

o(t) = 5(1).
Kat (oeAida 137, AhyeBpa B Aukeiou)

Ac epyacBobie Tdpo pe o opue Homer v va Bpotpe To mnhico xot 1o
vohowto g Saipeonc Tov P(x) =3x" +3x* +6x —13 peto x -2,

s sfofofs]|-13] e | Foumdnpaots us 0 Touc
6 | 18 | 36| 712|136 ““"‘51‘“'5‘35;:"”5,“”“5‘“”
T X o0 LEHEE By s
3 | o |18 |36 | 78 | 143

Enopévo to mhixo mg duripeong sivan m(x) =3x* +9x* +18x" +36x +78
Kot 10 vadhowto v=P(2) =143



Kat (oeAida 109, AhyeBpa A Aukeiou)

Tuvoyiloviac To Tapandve CUNTEPACLATT VIO TIC HOPQEC TOL TPu@vOioL ax” + Bx +v.
a # 0 pe Suaxpivovoa A Eyovpe:

» Av A=0, Tots:
ax! +Px+y=alx - x)(x-x).

OOV X,. X, 01 pileC TOL TPIOVDHOV.

= Av A=0, tots:

B

2
ux2+ﬁx+f=u(x+—] .
2a

= Av A<0, tote:

ax’ +px +T:a[(x+2£] +ﬂ}

o 4o’

ITpoanue tewv tiumy tov TPIEVTHOD

INa va pelenicovps To TPACTUO TMV TIHGV TOU Tpiovipoy ax” + fx +v. a £ 0, Oa yp1-
GLULOTOINCOVLE TIC LOPPEC TOV avaloya UE T O1uKpivovod.

To mopanave covoyilovial GTov TiveKao:

To tprévupo ax’ + Bx + v, a # 0 yiveta:

* Ergpionpo tov a , povo otav etvor A > () won yio Tic TipéC Tow X, mov fpioxoviar
petali Tav pulov.

* Mndév, otav 1 T Tov X Sivol KATow oro Tic pilec Tou TPIeVINoD.

* Opdonpo tov a ce xabe alin nepintoo).



‘H taydvmra tov ovmTon sivat
v(t)=x'(t) =4t = 241" + 360 =16,
EVO ] EMITAYVVGT] TOL Efva
al(t)=x"(t) =12t =48t +36 =12(¢" — 41+ 3).

1) H toyvmta tov xtvnron pe ) Porifzia tov oyfijnatoc Homer ypdpeto
v(£)= 4(t=1)"(t—4) ko pndeviletor TiC ypovikec oTrypéc t= 1 ko t=4.
[Ma vo anovTCoVE 0T EPpETH AT TG AoKNoNS apkei va LeleTioove To
mpoonue TG TayvmnTas u(t) = x'(¢) oo Maompa [0,5].

O pilec e x'(1) = 0 given 1 kot 4, evéd To Tpodonuo g x'(f) eaivetar otov
Tivako

¢ 0 1 4 5
x'( - ¢| - {:] +

11) Apa oto dractnua (0.4) 1o kv o KveiTon TPog T PICTEPC, EVE GTO MdoTua
(4.5) xaveiton mpog ta defid.

111) To mpéonpo mg cuvapmone a(t)= x'(f) paivetoar oTov Tivaxa

t 0 1 3 3

a® |+ 0 - ¢ =

Emopéve: ota wotiparta [0,1] sot [3,5] n tegnimtd Tov owddveton, evid oTo SiloTnju
[1.3] perdrvetan.



Aoknon 16:

H tyn V{oe svpd) evog mpoidvioc, ¢ wives LETA TV Tupay@yn Tov, divetat amd
OV TOIO

25¢°

1+27

Nuo amodeifets 6T1 TO TPOIdV CUVEXGC VTOTINATHL ¥OPIC, OUGC, 1) TIU TOL va
LTOpEi v YiVEL LUKPATEPT] OO TO LUGO TNG OPYIKT|S TIUNC TOV.

Inueiwpa : MpoarmattoUpeve MabnUaTlKEC YVWOELS yLa T AUCn Tou

MpoBAnuatoc (oeAida 114 , oxoAkd I Aukeiou)

Hapaymyoc myiivov
OEQPHMA

Av orcuvaptiosl; £ g sivan Tapayoyicwies oTo X kot g(xp) # 0, 161 ko1 n cvvap-

mon % EIVOL TOPUY@YICIUN OTO X KO 10)DEL

[L]r (x,) = i'{xu:lg{xu]- f[xu}g'[xn}
g) " [g(xo)1’

Kat (oeAida 116 , oxoAwkd I Aukeiou)

Tevikd, ov pua oovdptnon g eivon mopayoyicn of &éva adomnuo 4 kol 1 f eivon
nopay@yioyun aoto g{d), 1o1e n ovvaptnorn f o g givo Tapoy@yicun oto 4 Kot 1oybet

(Flgl)’ = £ (g(x)-g'(x).
Anhadi, av u= g(x), tote
() =F(u).u'.

Kat (oeAida 117 , oxoAkd I Aukeiou)

() = an® L




Kat (oeAida 67 , oxoAwd I Aukeiou)

Op1o moivevouiyc ka1 pyTHC COVEPTHONC
k-] = -]

a,x’ +a, X7+ 4o x+a,
Box™+ B x4+ fix+ By

T'a ™ pnm) cwvdpmon fix) = Lo, =0, 820

1oyvEL:

Ly

lim f(x)= lim a4, war lim f (x) = lim a,x
K= i ﬂ x* ] K ﬂ x*

Lo

H cvvapmon Vaopayayileton v =0 pe

252 ) 100¢
— | ==
(t+2) (t+2)

V'(f) :[5{1-

Apa n ouvapmon Veivar pvnoioc ebivovoo oto [(), +o0). mov onuaivel 6T 10
Tpoidv ouveyds vmoTipdTal. Emeidn

1{0) = 50 xa 1imV{r}=lim[5[}— 250 ]

-t (t+2)
. 258
=50 - lim ———=50-25 =25,
ot p 44 D

To gUvoro TILGY TS Vetval To Sudompa (25,50].
Apa, 1 Tip ToL TpoidvToC HEV WTopel va YivEL LKpOTEPT AT TO GO TS Ay
TOV TIUTC.




Aoknon 17:

No anodeifets 6T1, and olo To owoneda oyfpatoc opBoyoviov pe epfado 400
m’, To teTpayavo ypewalstor T pikpotepn nepippaln.

Inueiwpa : MpoarmattoUpeveg MabnUaTlKEC YVWOELS yLa T AUCH Tou

MpoBAnuatoc (oeAidba 119 , Mabnpatikad B MNuuvaciou)

Eppaddév opboywviou
Ac Bewpnooupe éva opBoywvio JE TTAEUPEC 3 cm KAl 5 cm.
Omw¢ gaiveral oTo axniua, To opBoywvio ¥wpiletan og 15
«TETpaywWVaKia» epfadou 1 cm?. Eopévwg, To opBoywvio
£xel eppadov 3 - 5 =15 cm.

[evika:

To eupadov evéc opbBoywviou pe TAEUpES a, B 1ICoUTI
HE a - B.

Tic mAeupéc evoc opBoywviou TIC AEpe pnkoc (Tn
HeEyahUTEpN TAEUpd) kal TTAATOC (T PIKpPOTEPN) Ko
TI¢ ovopdfoupe DiaoTtdoelc Tou opBoywviou. ETol,
UTTOPOUUE v TTOUUE OTI TO YIVOUEVO Twy DIACTATEWY EVOC
opBoywviou 1I0o0Ta YE TO EPPaAdOV TOU 1i:

EMPubov opboywviou = HAKOC - TTAATOC.

Kat (oeAida 113, ox0Awkd I Aukeiou)

® Eote n cuvapmon f(x) = x". ve N H covapmon feivar napayeyiown oto R” xa
wibes /() = -, Snhabi

T mopaderypa.

{I—P} r: _Px—?—i




Kat (oeAida 86, AAyeBpa A Aukeiou)

» Eote 1 eficoon x* = 16 . Onenc ko mponyovuevac 1 eficoon aun) £ axpifoc e
Betucn Avon, ™mv %'J"ﬁ =2. H sfiocmon avt opmc &xer oc Aon ko v —V16 = -2,
agov (—416)" =(¥16)* =16.

Emopgvac n eficwman x* = 16 &y axpifdc 6o Adoeic, v N6 =2 xm v —if16 =-2.

T'evixotepa:

H =ficoon x' = a ., pe a = 0 ko v dprio puowo apBuo, eye axpipoc dvo Avosig,

g Yo xar .

Eote x, m o1 faotacslg o m Tov opboyaviov owongdon pe epfadov E =400
. 400
m . Tote xy= 400, omote y = —.
x

400m° | ¥

X
Emopévec, n mepipetpoc F=2x+ 2y, @ CuvapTnon TOL X, HiveTol axd Tov TOmo

400 400
Plx)=2x+2—= 2(_‘{' +—1, x> (.
x x
Io waBe x> 0 gyovue:

P(x) = 2[1 20 1: z[r —-mu]
X X

Px)=0< x* —400=0 < x =20.

OTMOTE

To mpdonuo Tnc P, 1 povotovio wol Te akpoTata e P oivoviol GToV TopuKiTe

TONVIROL

P - 0 +

Plx) \ 80 /
i

Anlodn n P nopovcdlel oto x= 20 shdayioto to P(2) = B0.
Emopéves To owonedo yperaletot T uikpotepn nepippaln otay x=20. Amd v

0
oo ¥ =—— yio x= 20 Eyovps ot y= 20, mon onuoivel 6T1 TO MKOTESD
x

sVl TETPAT@VO.



Acknon 18:

Me cuppatdmieypa pijxov 80 m 62lovps vo Teprppdovis owdnedo oyfpaToC
opboyaviov. Na Ppeite Tic 6100TdGEC TOD O1KOTEGOD OV £YEL TO LEYAALTEPO

supadov.

Inueiwpa : Mpoanattovpeve¢ MabBnuUaTIKES YWWOELG yla T AUGon Tou

MNpoBAnpatog (oeAida 119, Mabnuatikd B Mupvaciouv)

Eppadov opboywviou
Ac Bewpnooupe Eva opBoywvio JE TTAEUPEC 3 cm KAl 5 cm.
Omw¢ gpaiveral oTo oxiua, To opBoywvio ¥wpiletan og 15
«TETpayWVAKIa» egBadou 1 cm?. ETTopévwg, To opBoywvio
£xel epPadov 3 - 5 =15 cm2

[evika:

To gupadév evéoc opBoywviou pe TAEUpES a, B 1ICoUTI
ME a - B.

Tic Theupéc evoc opBoywviou TIC Afpe pnkoc (Tn
HEyaAUTEpPN TAEUpd) Kai TAATOC (Tn HIKPOTEPN) Kai
Tig ovopdfoupe OiaoTdoelc Tou opBoywviou. ETol,
HTTOPOUUE vd TTOUHE OTI TO YIVOUEVO Twy DIATTATEWY EVOC
opBoywviou 10o00Tal YE TO EPPRadOV TOU 1y:

eupadov opboywviou = PRAKoC - TTAATOC.

Kat (oeAida 112, oxoAwo T Aukeiou)

Iapaymyec yivouevon

OEQPHMA

Av o1 ovvaptijoelg £, g eivon Tapay@yioyles oTo X, TOTE Kai 1) cuvaptnon fg sivan
TUPUYEYICILN OTO X KOl 10YVEL

(F-8)'() = f () glwy) + Alaglg'(xy)




Eote x, yo1 MaoTdosl; o8 m ToL owongdon pe tepinetpo 80 m. Tote sivan 2x +

2y= 80, omdte y=40—x

To sufadév £ = xy, @c COVEPTICY TOL X, HiVETOL amd Tov Tomo E(x) = x(40 — %)

pe 0= x =240
INa xabe xe(0,40) sivar E'(x) =40~ 2x omote

E'(x)=0< x=20.

X

¥

To mpdompo e E', 1 povotovid Kot Ta axkpoTate ¢ E guivoviol 1oV TPkt

VoK.

X 0 20 40

E'(x) + 0 -

| A

Anhadn, to euPadov yiveton péyroto otav x=20.

Amé ) oyéon y=40 — xyia x= 20 &yovus y= 20, omoTE TO OIKOTEGD Efvan

TETPAYEVO.



Acknon 19:

Mia @pa petd ™) Ay X mgr evoc avTuTuPETIKOG, 1) pEii;}GT] ¢ Beppoxpaciog
£voc acBevoic bivetal amd m cuvapmon T(x)=x" - T 0 <x<3. Na Ppeite

O MPEMEL VL sivat 1) GGG TOL CvTITUPETIKOD, BGTE 0 puBusS petafolic e
peimonc g Bepuoxpacicc @C TPOC X, Vo YIVEL LEYIGTOC.

Inueiwpa : Mpoamattovpeve¢ MaBnUOTIKES YVWOELG yLa T AUGn Tou

MpoPAnuatog (oehida 112, oxoAkd I Aukeiou)

Haepaywyoc yivousvon

OEQPHMA

Av ot cvvaptioe £ geivon mopayeyicyiec oTo X, TOTE Kat 1) cuvaptnon fg stvon
TUPUY@YITLN OTO X KO 10YVEL

(F8)() =1 ()2l + flag)g'(x)

Kat (oeAida 113, oxoAko I Aukeiou)

Av f givon mapayayiown covaptnon ¢ &va hdomue 4 ko c€ R, exedn () = 0, oop-
pava |1e To Bemdprua (2) Eyovpe:

(cfx) =cf(x

Mo mapaderypa,
(6°) = 6(x) =631 = 18x



O poBpéc petafoinic mg peinong e Beppokpociog ec Tpog ™ 6601 Tov apudKoy

3

givan h(x)=T"(x)=2x —E_r'_

2
Mo kabs x<(0,3) sivan h'(x) = 2—%,0?{:’:’[5

6 4
Hx)=02-2X_0esx=",
4 3

To mpoanuo e /. 1 novotovia Kot Ta axpoTata TS /1 oaivovTo oTov Topaxatn
Tivas.

4

X 0 E 3

H(x) + 0 -
4

M T3 N
max

Andadn). o puBuog petafoirc mg peinong me Beppoxpaciag wg Tpog T 6o

X TOU QUpUOKoD YIVETOL LEYIGTOC OTaV X = % mgr.



Acknon 20:

Aiveton teTpdyave 4ABIM tov Guthovod oyfuatoc e 4 H r
micvpd 2 cm. Av 1o teTpayevo EZHO £yet TIC KOpPUQES
TOV GTIC MAEVPEC Tov ABIA,

1) Vo eKQpacete TNV mAELpd EZ cuvapTiost Tov X.

11) va Ppeite 1o x €101, @ote To epPadov E(x) tov EZHO
va yiver EAdyoTo.

Znueiwpa : Mpoamnattovpeveg MabnuaTKEG YVWOELG yLa Tn AUon Tou

MNpoPBAnuartog (oeAida 128 , Mabnuatikd B Nupvaciou)

NMYOAINOPEIO ©GEQPHMA
It K4Be opfoywvio TRIVWVO To dBpOICHO TWY TETPO-
ywvwy Twy dUo KdBetwv TTAsupwv Eival ico HE TO
TETPAYWVO TN¢ UTTOTEIVOUO UG,

MNaparrfpnon:
210 dimAavo oynua To Tpiywvo ABIT sivar opBoywivio ato A.
Zuppwva pe To NMuBayopeio Bewpnua i1gxUel OTI:
a? = f32 + v, dnAadni o eufadov Tou peydlou moprokall TETpayL-
vou gival igo pe 1o GaBpoioua Twv gufadwv Twy dUo TEGoIVWY
TETRAYWIVIIV.

Kat (oeAida 71, l'ewpetpia B Aukeiou)

= a 6EQPHMA
To epPudov E evog tetpaydvon mhevpdc o ivat o, -
af E=d hadn:

H [ E=u".

=]



1) To opboyovia tpiyava BEZ, I'ZH, AHE w1 AOE sivan ica. Emopuévec I'Z =

x,omote BZ=2—-x

Amo 1o opboyavio Tpiyevo EBZ eyoupe:

(EZ)Y =x"+(2-x)" =2x" —4x+4
11) To epPadov E(x) Tov teypaydvor EZHE Givetal and Ty 100THTA
E(x)=(EZY =2x" -4x+4, x=(0,2).
Meietdpe ™ covdptnon E @ Tpoc Ta akpoTat.
o xabe x=(0,2) sivar E'(x) =4x-4=4(x-1), ondte
E'(x)=0= x=1.

To mpocmuo ™ £, 1) povotovia sot To axpotate ™S E paivoviol GTov Tupai 1o
TivaKo.

X 0 1 2
E() o0 o+
2N

Anhadi n E mapovordlerl oto x= 1 ehdpoto to E(1) = 2. Emopévec to epfadov
tov EZH® yiveto ehdyioto 6tav x= 1, inhadi é6tav ta E. Z, H, O sival péca
ToV TASLPOV Tov ABTA.



Acknon 21:

To x6CTOC ™NC NUEPT|CLOC TOPUYES X povaday evoc fropunyavixov tpoidviog
1 ) .

eivan K(x) = Exj —=20x" + 600x +1000 gvpd, y1o 0< x <105, eve n eionpaln

a6 TV TOkNon Tev X povadev eivar F(x) = 420x— 2x svpéd. Na Ppebei n npue-

PC10 TOPAYEY TOV EPYOCTAGIO, VIO TV 0moin T0 KEPHOS VivETal NEYIOTO.

Znueiwpa : Mpoamnattovpeveg MabnuaTKEG YVWOELG yLa Tn AUon Tou

MNpoPBAnuatog (oeAida 124 , oxoAwko I Aukeiou)

2. Av 10 GuvoiKe KOGTOS TUPUTEYIS X povadoy evos fropnyovikot wpoidvrog sival
K(x) ko n ovvoinki sicmpoln amé v aoine tovs givon E(x), tote Flx) = E(x) -

K(x) givan o ouvoiikd képdoc ko K, (X) = £IVO1 TO NEGO KOGTOS,

i) No omodsiZers 0T1 0 pobpoc perofoinic Tov KEpdovg pndsvileTon 6TOv 0 pubpoc
petofoiic Tov KoGTOLS Kol 0 puBpos petufoias T siempulns givol icol.

AYEZH
1) O pvBpoc petafoirc Tov Képbovg sival

P =F0- K.

Emopsvec,
Fix)=0= E'(x)-K'(x)=0<= E'(x)= K'(x).



To xépdoc Tov epyooTacion sivat:
2 l 3
P(x)=E(x)-K(x)=420x-2x" - Ef +20x* —600x — 1000

1 2
= —Ef +18% —180x—1000, pe x=[0,105].

T xade x=[0,105] wyva Px)=-x" +36x-180, omote Px)=0 = x=6
1nx=30

To mpoompo g P, 1 povoTovia kot To axpoTata TS P @oivovTol GToY TopuKiTs
VoKL

x |0 6 30 105
P - 0 + 0 -

—1000 800
Ax) \ / \
M TE. M TE.

Enmopévac To £pyooTdcio Topovcidlel PEVIoTo KEpdoC, OTav £xel Nueprowa
moapayoyn 30 povades.




Acknon 22:
Me &va goppa prixovs 4 m Kotaokevdlovpe Eva 10OMAELPO TPIVQVO TASVPAS X

m Ko Eva TETPAY@VO TASVPAC ¥ m.

1) Na ppeite 1o aBpoioua tov epfadidv tav 600 GymMUETOV CUVOPTIGEL TG
TAEVPAC X TOV 1GOTAEHPOL TPLYAVOD.

11) [ o Ty Tow x to epPadov yivetat ehdyioto.

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YVWOELG yla T AUcn Tou

MNpoPBAnpatog (oeAida 74 , Tewpetpia B Aukeiou)

= To eppudov E evoc 1comievpov Tpry@vor mhevpds o glven ico pe
= a’\3
o E= 4 A
= .
& i
=1 Anobei€n i a
L 1
depovpie To vyog AA (gy.11) To omoio sivor Kot O1dLETOS. “:
Amo to opboyavio tpiyevo AALL coppeva pe to [Tvbo- l_|
vopeo Beopnua, Eyovpe B A r
2 L JIxnua 11|
2 2_ 2 1_ 1 | @ 3a
=AA ' =a -Al"=a" - || = .
v a a { 2) 2
< - o3 1 I V3 a’V3
onAud) V=——, omOTE E=—uu=—u—\r= J_
2 2 2 2 4

Kat (oeAida 71, Nlewpetpla B Aukeiou)

o E=d hodn:
] [ E:ﬂ:.

=]

M ] OEQPHMA

To epfadév E evog tetpaydvon mhsvpic o ivar o, on-



Kat (oeAida 205, AhyeBpa A Aukeiou)

4. Eva onpeio M «iveiton mave oto evBoypappo
tunua AB = 6cm. Me whevpec ta MA w1 MB r

Kotaokevalovps womisvpa Tpiyeva. [wa mow

Beon tov M 1o abpoicua Tov epfaddy Tov dvo A M
TPIYAVEV EIVHL EAGYICTO;

Abon:
1) Eyovpe 3x+ 4y =4 omote
‘Etc1 £youpe:
E(x)=FE,+E, =X V3 -
T4
X3 +[4 - SXT
4 4

- fﬁ+lfn—24x+9x2
4 16

- L[(g +4J§i} ¥ —24x+1 a}_

16

. 4 1 3
11) T xabe xe[ﬂ,g] wyver E'( x}:ﬁ[z (9+4\E}x—24i|, OmOTE
6 J

12 12(9-443) 4(9-443)
9+ay3  8l-48 1 *

To mpéomuo g E'. 1 povotovin kKol Ta akpotata tne £ paivovidl otov

E(x)=0= x=

MOPUKATE TR

X 0 X

4
! 3

£ _ o+
E(x) \ £ /

Aniadn, o epfadév Tov oyfuatos ViVETHL EAAYICTO GTAV 1) TAEVPE TOL

4 »
1OOTMAEDPOL TPLY@VOD Efvol ¥ = ﬁ (9 ~4\3 }E 0,75 m.



Acknon 23:

9
Aiveton ) cuvapman f(x) = \."r; KU1 TO GTjueio A[;,{Jl.

1) Na Bpeite to onueio M m¢ C, mov anéyst and 1o onusio 4 ) wKpotepn
QMOCTUCT].

11) No amodeifete om n epantopsvn e C; oto M eivan kabsm oy AM.

Inueiwpa : Mpoamattovpeve¢ MaBnUOTIKES YVWOELG yLa T AUGn Tou
MpoPBAnuatog (oeAida 154 , AAyePBpa A Aukeiou)

Arxocracy anpusioy
‘Eoww Oxy &va ovompa svvestarpsvay oto enisbo tom Alx vy ) xm B{x,v.) &oo on-
usie avtow. Oa &esfovps OTL 1] ATOCTEGT] TOUS MIVETEL RO TOV TUXO:

(AB)= \(x, - x, + (¥, - ¥,).

Kat (oeAida 96, oxoAwko I Aukeiou)
® O cuviekeotric dievbuveng TG epanTopévnc £ g O Jos Tapayoyicn s cuvapmons
f. o1o onpeio 4 (x,. fx,)) etven n mapayeyos Mg f oto x;. Anhodi. eiven

A= P(X“J,
OmoTE 1) LiCOON TNC EPATTOUEVHC £ eival
y—flxg) =) (x—x)

T schion f'(x,) e epantopsvnc £ oto 4 (x,. fxy)) Ba ™ Aepe ko khion g Coto 4 1)
Kiion ms foto x,,

Kat (oeAida 106, oxoAwo I Aukeiou)

® Eote 1) ovvapmon f(x) = Jx. H ouvapmmon feivon mopoyayicyn oto (0, +00) xo

- P ] - -

woyvet f(x) =—=, dnhadr
2x




Kat (oeAida 60, Mabnuatika MpooavatoAlopol B Aukeiou)

Emopévec, av ot subeisc £ kot g, &yovv cuvieheotés Sievbuveng 4, xon 4, avi-

OTOlYMC. TOTE:

glle, A =4 xu |g Le, & A4 ==1

Abon:
1) Eote Mx. f(x)) To Intodpsvo onusiomc £, »
E
HOHE oY’ o\ M{xf1x)
(MAY :[_‘{'—E] +( f(x)) :[I_El X g
H amdotaon MA yivero sldpom). otav yivet o A(9/2,0) x

£Ady10TO TO TETPAY@VO TNC. ONAnd dTav Tapet
TIV SAGYLOTY TIN] TS 1) CUVAEPTIGY

2

gix)= (_r—%] +x, xe[0,40m).

9
Ma xdfe x = [0, 400) et 2'(x) = 2(_\.’—;]“ =2x—8, omote

glx)=0=x=4

To mpocomuo ™2 £, 1) LoOVOTOVIC Kot TO epOTATd TG £ QUivovTol CTOV TUpoKaTo
mivoe.

X 0 4 4o

g0 | - o+
| N o 7

Aniadn n g mopovociiler oto ¥ = 4 shayoto 1o g(4) =%. Emopévag n

TOGHTN TN l:;fﬂu"nd'}2 xon dpan (AM) yiveton ehdynom étav x=4. Apa to rotuevo
onueio sivan To M(4.2).

1
2 |
EQUATOMUEVNC £ OTO anueio M(4.2) eivar A, = f(4)=—. O cvviekeotiig
owevbuverng e AM sivaw: 4

1) T wd@fe x = 0 wyer [(x) =

OMOTE 0 CUVIEAEGTYC MedBuvans g

2-0 2
Ay == ——=—4.

!
2

1
Emoptvac. 4 -4, = Ef—tl} ==1, wov onuaivel OTL 1] EQUTTONEVT] £ EivVOL

waBem oy AM



Acknon 24:

Onoc yvepilovue, o otifoc Tov xhoaotkov

afinmopob amoteAsiton amd v opboydnio »
L . ) E(x)

Kot S0 NIKbKALe. AV 1) TEPIPETPOC TOL

otifov sivar 400 m, va Ppeite Tig HooTa-

oE1; OV, BoTE To epPfadov tov opboyavion

LEPODC VI VIVEL LEVIGTO.

Inueiwpa : Mpoamattovpeve¢ MabBnUOTIKES YVWOELG yla T AUGn Tou

MpoPAnuatog (oeAida 112, oxoAkd I Aukeiou)

Eppaddv opboywviou
Ac¢ Bewpnooupe Eva opBoywvio JE TTAEUPEC 3 cm Kal 5 cm.
O1mwe gaiveral oTo Txrua, 1o opBoyuwvio Xxwpiletal g 15
a «TETPaywWVAKIa» egBadol 1 cm?. ETopévwc, To opBoywvio
£xel egPadov 3 - 5 =15 cm?.

[evika:

To epypadov evog opBoywviou HE TTAEUpEC a, B 1ICoUTaI
ME @ - B.

Kat (oeAida 113, oxoAko I Aukeiou)

To pRKkog¢ Tou KUKAou utroAovyileTdl atmd Tn oXEon:

el o e




Eote (AB) = 2x xat (BIN) = y o1 S100TAGELS TOV
opboyaviov ABIA. Tote n mepipetpoc Tov otifon
Bo etvon iom pe 2ox + 2y wo emopevec Bo wayet

2rx42y=400 < y=200=mx.
- A A
To epPodov tov opboyaviov ABIA sivat

E(x)=2x y=2x(200-1x)==21x" + 400x.

200
o wdbe xe [{}, —} givar E'(x) = — 4mx + 400, omote
T

100
E'(x)=0= x=—1.
T

To mpéompe e £, 1 povotovie kot To axpotata e E gaivoviol 6Tov mopukdte

Tivas.
100
X 0 — +00
T
E'(x) + 0 -
max
E(x) / \
100 100 20.000
Anlodn n E mopovcidleioto x= — pénototo E [— = .
I T T
Enopévac, o opboyodvio Tunpa tov otifov yivetat LEVIOTO, 6TOV 01 MOCTAGEL
TOD sivot:
100 200 100
(AB)=2-—=—muxm (BN =200-7-— =100 m.

T T T



Acoknon 25:

H vavieoon o xpovaliépas amaitei cuppetoy) tovidotov 100 atopov. Av
dnldvouy axpifac 100 aropa, to avritipo avépyetal oz 1000 svpd 1o dTopo.
[No xdbe emuTA£ov ATONO TO GVTITIHO VA GTONO PEGVETI KuTd 5 evpd. [Téca
GTOLO TPETEL VT SNAGGOUY GUILUETOYT, OTE VO £YOV|LE TO TEPIGCOTEPT EGOGI,

Inueiwpa : Mpoamattoupeve¢ MaBnUOTIKES YVWOELG yLa T AUGn Tou

MpoPAnuatog (oehida 112 , MaBnuatika I fupvaciouv)

Ot pabnTeg puag TaEng MPOoKELIEVOU va TIAve [ia ekdpoprn Jmaoav Tipoo@opa ano

dU0 MpaKTopeia.

— To MpwTo Mpaktopeio OTmoe 15 eupwd yla KABE LadnT) Kal EpOoov Ol aBNTEG
nTav nave ano 25, TOTe 0To TUVOMKO Tooo Ba ékave ekmtwon 10%.

— To deutgpo Mpaktopeio Jmoe 12 supo yia Kabe padnmm Kal 45 eupw yia Ta
dlagopa £Eoda (dLoda, vavuia QEPIUMOT K.T.A.).

Av ol pabnTEg MoU CULILETEXOUV OTNV £EKSpOUN elval TIEQLOCOTEPOL amno 25, Tolo

TPAKTOPEIO £Kave TNV KaAUTEPT) TIPOC@OPA;

Avan
YToBETOUE GTL 0L HaBNTES TIoU TEAIKA CUUUETEXOUV OV eK3pOoMN] eival X, Orou
X = 25,
2T0 TIPWTO TipakTopeio Mpemel va mAnpwoouv 15x — %ﬁx = 15x - %:{ EUPW,

eve) 010 DeUTEPO TIPAKTOPEIo TIPEMEL va TIANpwoouy 12x + 45 supw.
[Na va eival kahdtepn n Mpoo@opd Tou TIPWTOU MPAKTOPE(oU, TIPETIEL va 1oXUEL

15x-—é§xc:12x4-45 A 30x—-3x—24x =90 f 3x < 90 1§ x < 30.

Eropévac av ol pabnree eival meploadtepol and 25 kal Ayotepol and 30, Téte v
KaAUTEPN TIPOOPoPA EKave TO TIPWTO TIPAKTOPE(D, evid av ol pafnTec eival eplo-
odtepot ano 30, v kaAUTepn Mpoad@opd exkave To delTepo TIPAKTOPED. .
Av ol paPnrég ivat 30, TéTE ol IPooPopES Twv BUO TTpaktopeiwv elvat Bleg. % ’




‘Eote x(x= 100) o aptBpdc tov atdpav mov Ba dnidcovy cuppetoyn. Tote, To
Toco mow Ba mAnphost kabs dropo TpokimTal av ot Ta 1000 supd apopéoovps
T0 M0G0 TN EXTTOOT S, To onoio avepyetol oe (x— 100) 5 svpd. dnhad xwabe
dtouo Ba TAnpooet:
1000 ={ x=100)5 =1000 = 5x+ 500 =1500 -5 x =vpa.
Emopévec, Ta £006a ¢ ETRIPEINS b T1) CUUHETOYN TOV ¥ aTopav Ba sival:
E(x)=x1500-5x) =5 +1500

Ta wiBe x> 100 gyovpe E'( x) =-10x+ 1500, omote E'(x)=0<= x=150. To
mpocn o e E' Qaiveral 6TOV MupaKd T Tivake, omd Tov onoio mpocoiopilovje
TO SICTHPOATO PovoTovias TG E Kot To aKpoTaTa ouTHC.

X 100 150 a0
E() + 0 -

112.500
E(x) / max \
Andadn. n E napovoalel oto x, = 150 péyiot Ty myv E(150) = 112.500.

Emouévec, mpénstva dniacovy 150 dtopa coppstoyi oty xpovaliépa yio v
£yOUllE TO TEMOCOTEPE £0000.




Acknon 26:

Eotw E to epPfodov tov xuxiwod daxtuiiov Tov

dumhovot oymuoatoc. YmoBitovus oTi TN YpOvVIKY

otrypun £ = 0 eivar i, = 3 cm w1 = 3 om Ko 0T .
t = 0 n axtiva r; aviaverol pe otabepo pubuo 0,05

cm/s. eved 1) axTiva r, avidvero pe otafepd pubuo

0.04 em/s. Na Ppeite:

1) mote Ba undevicTel To epfaddv ToOL KUKAKOD HoKTOAIOD Ko

1) wote Ba peyrotomonBei o epuPadov Tov Kukikod SaxTviiov.

Znueiwpa : Mpoamnattovpeveg MabnuaTkEG YVWOELG yLa Tn AUon Tou
MNpoPBAnpatog (oeAida 112, oxoAwko I Aukeiou)

ITOPIZMA

‘Eotwm dvo cuvvapthoel; f g opiopéves os &va domnpa 4. Av
® o1 £ getvon coveyeic oto 4 Ko

o' (X)=g(X)nouxibseswTEp Ik d anueio x Tov A,
TOTE vIApyeL oTabepd c TETow, MOTE Yo kibe xe A va woyber

fix)=gw+c

Kat (oeAida 193, MaBnpatika B Nupvaciouv)

To epfadov kukhikou Siokou akTivag p, IcouTtal pe E = mp?

EPAPMOTH 2

210 OmmAavo oxnua n Kitpivn TTEpIOX TTou BPICKETal avapeoa

oToug 000 KUKAoUG ovopaleral KUKAIKOS dakTuAiog. Av To euBadov ‘
Tou KiTpivou dakTuAiou sivar igo pe 1o pBadov Tou UTTAE KukAlkou

biokou, o orroioc éxer akTiva p = V2 em, va Bpeite Tnv akTiva R Tou

HEydAou KUKAoU.

Aion: To epBadov E tou daktuhiou iooutar pe T diagopd Twv epBadwy E,= TR? kai E,= mp?
Twy dU0 KUKAIKWYV diokwy. ETropévwe, E = E, — E, = TR? — mip?.
Agou E = E,, Ba £xoupe:
mR2—mp2=mip2 1 MR2=2nmp2 17 R2=2p2 i R2=2(V2)2 =4
Omore: R=2 cm.



Eyovpe 7 (1) = 0,05, ondte 7 (1) =(0,05t)" xar apa 7,(¢) = 0,05t +¢,. Opec
r(0)=3, omote 7(1)=0,05¢+3. Opoiag 7 (1) = 0,047+ 5.

1) To epPodov daxtoiiov Ba pndevictel 6Tav
r(t)=r(1) <= 3+0,05t=5+0,0dr = 0,0lr =2 < r=200.
Apa, votepa and 200 5 1o epfadov tov daxrviiov Ba undevioTel
11) To epfadov Tow Kukhixod HoKTUAioD, @C CUVAPTIOT TOV ¥pdvou £, sival
E(t)=nr)(f)—mx (1)

=m(5+0,04£) =m(3+0,05¢).

‘Eyouvpe
E'(t)=2m(5+0,041)-0,04 - 27(3 + 0,05¢)-0,05
=2m(0,2040,0016f-0,15-0,0025¢)
= 20,05 = 0, 0009).
Eivan

E'(t)y=0«<t=556s.

To mpoonpo g E', 1) povotovia Kol Ta axpotard g £ aivoviol GTov mivok.

¢ |o 55.6
E() + 0 -
b4

| N

Apa, ™ ypovucn otrypn t = 55,6 s 1o epPadov Tov xukiikod daxtoriov Ba
peyiotomombeal.




Acknon 27:

G&lovle Vo KOTOOKELACOULUE £va KovdAit TOD
omoiow 1 xabemn Swroun ABIA gaivetot oto H1-
TAQVO G,

1) No amodsifete 6m1 To sufadov ™c doatopnc
ABIA eivan ico e
E=4nué(1 + oovd)

11) [N wowa Tipn Tovw @ 1o guPoadoy g kabetng Matounc ueyioTomoE TN,

Znueiwpa : Mpoamnattovpeveg MabnuaTkEG YVWOELG yLa Tn AUon Tou
MNpoPBAnuatog (oeAida 232, Mabnuatika I fupvaoiou)

anévavtl kaPet mAeupa Al

Npw = UTIOTEVOUOQ - Br
e — pookeipevn kabetn meupd _ AB
o B uroteivouoa - OBr

_anévavi kaBem mheupd Al
BPL = Fpookeluevn kGPet TheUpd . AB

Kat (oeAida 73, Nlewpetpla B Aukeiou)

OEQPHMA IV

To eppadov tpaneliov 1oV Tl LIE TO YIVOUEVO TOD ML0-
Bpoicpatog tov facedv Tov emi To HWOS TOV.

_B+p)
2

omov B, f ot fdoeic tov tpameliov kot v To Lyog Tov.

Anhaon E v,




Kat (oeAida 92, AhyeBpa A Aukeiou)

E&iomozic mov avayovral os elioeiosic 2ov fabuot

Xt cuvveyewn Bo dovpe, pe ™ Ponfeia mopudstypdtay, ToC WTopobiE vo emADGoUUE
e£100E1C 01 omoleg Oev eival puev 2ov Pabuov, alhd, pe xotalinin duadikacio, aviyo-
viol o etic@osls 2ov Pobuos.

ITAPAAEITMA lo
Na hvbzi n elicoon:
x-2x-3=0.

AYEH

Eneidi) x* = x|, n sticwon ypaeeror
%[ - 2Jx| - 3=0.

Av Beoovpe x| = @, Tote 1| eficmaon yiveto
o -20-3=0.

H zsficwon avm &e pilec Tic @, =3 xon o, = —1. And avtég dexm) eivon povo n Betua,
apov ® = x| = 0. Enopévec |x| = 3. mov onpaiverx=-3fx=3.

Kat (oeAiba 88, AhyeBpa B Aukeiou)

10. Na hocete nig ebwodoeig
i) 2np’e+nueo-1=0
i) 2o0v’x +3c0ovx —2=0 iii) 3gp’t =3+ Z\f'r?:E{.pt

Kat (oeAiba 86, AhyePpa B Aukeiou)

Tevikotepa, av 6 sivan pio Avon g elicwon covx = a, av onhady) wyde
ouwvl = o, 6T o1 Mioeig g elicmaong auTig divovTal amd Tovg THIOVS

X=2xnm+8
M keiZ
x=2xnt—0

Kat (oeAida 112, oxoAkd T Aukeiou)
Hapaywyos yivouevo

OEQPHMA

Av o1 cuvapmiiceg £ geivon Tapay@yicules 0To X, TOTE Kot 1) cuvaptnon fg eivan
TOPUYEYIoIUN OTO X KOl 10)VEL

(£-8)'(x) =" glw) + Alag)g'(xy)




. 1) H ke dwaropn) ABIA stvon ayjuartoc tpamslion. 4 g a
Amd 1o tpiyevo HBI gyoups »
HB = Inuf war HI = 2ouv. 2 z
Emneidn To tpanélio sival 10ooKeAEs, 10y 0E 4

A 2 B
A@=TH=2cvw8xm A =2 + 2 govf + 2guvf =2 + 4 ouvd.

To suPoadov tov tpamelion ABIA sivan

poABITA py 202vdow0 ),
=(4+4ouvBmus
=4nu(l1+ocuvd).

11) @zw@pobps TN GUvapTNoT

E(6) = 4nud(l+ouvl), 0 e (uﬂ

Eivan
E'(8) =4ouvB(1+ ouv @)+ dnpd(-npd)
=douv’ @ —dnp’d +douv o
=d4auv’d = 41 - cuv'0) + douvd
=8ouv’d + dovvd -4
=4 2ouv’0 + ouvd = 1),
Eyovope

E'(0)=0 < 2ouv'8 +ouvd-1=0

1
< guvl = 5 1| ouvld =-=1

=0 =£, ema1dn A E{ﬂ,£i|.
3 7

To mpéonuo o E xabdc 1 povotovio xot Ta axpdtata e E eaivoviol otov
TivaKo.

2] 0 '3 T
E'(f) + 0 -

E@) 7/'“1“

. . T me . . . .
Emopévec, otav @ = 3 10 epPadov YiveETal PEYIOTO, TOV OUMIVEL OTL TOTE TO

Kovaht Ba peTapépet T PEYICTY) TOGOTITA VEPOD.



Acknon 28:

"Evac xolvupnmic X Ppicketar om Bdlacoa

100 fi¥ paxpia ané o TnoEctepo onpsio %
A o svBiypuppnc oKTC, EVE TO ORITL TOU

X Ppioketon 300 ft poxpud and to onpeio 100 I

A. YmoBétoupe 6Tt 0 koAvpufnmic pmopei va ) .
woAvupioet pe tayvmTa 3 fi's ko va péiet A:_x_"”
oTIV aKTH pe tayvmnTa 5 fifs.

r
300 fi :

1) Nao amodeifete om1 o va swvicet ™ owdpop) KME 1ov SrAavon oyuatog
yperaleta ypovo

1007 4+ X ,300-x

3 3

1) o mowa T tov X o kolvpufnmic Ba ypswaotsi To ArydTeEpO HUvHTO YpodvO
o va eBdcel oto omin Tow;

T(x)

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YVWOELG yLla T AUGon Tou

MpoPBAnpatog (oeAida 116 , oxoAwo T Aukeiou)

Fevikd, av pua govdptnon g eivon mopayayicwn of éva odomua 4 ko 1 f eivon
nopayayicyun ato g{d), 1ote n ovvdpmon f o g eivon Topoy@yiciun oto A Ko aybet

(Flgt) = £ (g(x)-g'(x).
Anhadn, ov u= g(x), to1e

() =F(u).u'.

Kat (oeAida 117, oxoAwo T Aukeiou)

LI
{J’E}—mu




Kat (oeAida 24, MaBnuatika B Nupvaciou)

Na emAUCETE TOUC TTAPAKATW TUTTOUC TWv , , o
MaBnuarkwv kal ¢ Puoikic we Tpog Ty | § T19XUTNTa TNV uBoypapun opan kivn-

PETARANTA TTOU {NTEITON an.u= % w¢ Tpo¢ t.
Auon:

1) Eoto £, 0 ypévoc mov ypsrdletar o xodvuPnmic o va kolvpmicer and 1o
K oto Mxa £, 0 ypovoc mov ypewdleTon Vi va TepmaT|oet amé To Moto X,
‘Eyoupe

. _(KM) Jx? +100° , _(MX) 300-x
- —_ m‘l - —_ .

1 2

v, 3 U, 3

Emouévec, o guvolaxds ypovos yia va dovicer T owadpoui KME sivan

_N¥+100° 300-x

T
(%) 3 5

11) @s@pPOVLLE TN TUVAPTIO)

_ V24100 300-x

T
(%) 3 5

, x=(0,300).

Etvou
X |

1
T(X)=c———es—=
3 X +100° 3
O pilec e T'(x) = 0 eivar To 75.
To mpdonue e I 1 povotovia xon 1o axpotate ¢ I paivoviol GToV TopakiTe
TivoK.

X 0 75 300

T'(x) - 0 +

o | N s

Aniodn, n ovvapmon T moepovouilel ehdyoto v x= 75 ft.
Apa, otav x=75ft, Té1e 0 woloppnmc ypardleton To AtydTeEpo SuvaTo ypovo
v vo @BAacel GTo GIiTL ToL.




Acknon 29:

i
Evac epyoidPoc embopsi va yricet 2 ‘E;:p?
&ve OMTL oTo OpOpe WoL GUVOES ? i
ovo epyoctacwe £, xm E, ta omoin S j fig (e
Ppioxovim oe améotaoy 12 km ke BT ¥ * E;
— 12 km—— »

EXMENTOUY KOmve e Tapoyec P owm

8F ovtotoiyns. Av 1 moxveTnTa mbj Kamvol OF o amdoTach d amd &va
TETO10 EPYOCTACIO £ival OvAAOYY TNC TOPOYNC KUmTvoD TOV EPYOCTOCION Kot
GVTICTPOPEC avdloyn Tov TeTpay@vov T¢ andctacnc d. va fpeite o8 Tow
amocTacy ¥ amd To gpyoctacio F mpémer o epyohdPoc va yricer o amin
Yo v £ygt T Aryotepn dvvarr] pomavon. (Iupoyr xoamvod pog Karvodoyow
eviC epYosTacion ALYETal 1) TOGOTTO TOV KOMVOU MOV EKMEUTETHL Omd TV
KOUTvodo o o1 povada Tov ypovon).

Inueiwpa : Mpoamattovpeve¢ MabBnuUaTIKES YVWOELG yLla T AUGon Tou

MpoPBAnpatog (oeAida 67 , MaBnuatika B Fupvaociov)

MNooa avaloya - H ouvdaptnon y = ax

Omwce yvwpiloupes, 000 TTood AéyovTal avaloya, OTav TToAAd-
mAagialovTag TIC TIHEC TOU evOC TToooU PE Evav apiBpo, TOTE
KOl Ol aVTIOTOIXEC TIHEC TOU dAAoU TToAAaTTAaOId{ovTadl UE TOV
D10 apiBpuo.

Kat (oeAida 116, oxoAiko I Aukeiou)

Tevikd, av pua oovdptnon g eivon mopayoyicn oE &va cdomuo 4 ko 1 f eivon
nopayeyioyun ato g{d), 1o1e ) ovvaptnon f o g givon Topoy@yiciun oto 4 Kot woybet

(Flgt)' = F(g(x)-g'(x).
Anhodi, av u= g(x), tote
() =F(u).u'.

Kat (oeAida 117, oxoAko T Aukeiou)

() = au




Eoto p, 1 TuxvomTTa TOV KOTVOD OV EKTMEUTEL TO epyooTacio £, kat g, 1
TUKVOTITE TOV KOMVOD OV EXMENTEL TO EpYOCTAcio £,
‘Ejoupe

pﬂ,’.r}:kg o pjf_r}:kiﬂ keR.
¥ : (12— x)

i

H moxvotnta Tow kamvol ot 82on X etvan

plx)=p(x)+ p(x)

kP 8P
¥ (12-x)°

:kp[‘_ﬁLj]_
¥ (12-x)°

]

(12-x)°

H cvvapinon

Pfr}ﬂﬂ”[l—ﬁ ] x=(0,12)
x

glvon mopoy@yicyLn pe

plx)= M’*‘[—% +—Iﬁﬂ 2 _'r}]

(12-x)*
2 16
=kP|-—4+—|.
[ f+r12—.r}3]
Eyovpue ) 1
p'f.&’}=ﬂ¢>?+m=ﬂ

= 16x =2(12-x)° =0
& (27 =(12-x° =0
& 2x=(12=-x)=0

= 3x=12 =& x=4.

To mpoonpo g 2", 1 LOVOTOVIE KOl TO OKpOTATE TG 0 @eivovTol GTOV TopaKdTo

TONVOCRIOL.

X 0 4 12
p'(x) - 0
N,

min
AnAadn. n mecvemnTa o yivetol sAdyiom). dtav x =4

Apa, o gpyoidPoc yua va £xe1 TN AyOTEPY) POTOVOT) TPETEL VL Y TIGEL TO GTITL TOV GE
andaTacn 4 km and 1o epyootdcio E

+




Aoknon 30:

T . Px=5(1)
Y1o OwmAavo oynua SiveTon 1) ypagu

mapdctacn C ¢ cuvaptnong Bécemc x
= S(f) evoc xrviToD Tow Kiveitat Tave o
gvav dafova. Av n C mopovcudlel Kapmm
TIC JPOVIKED GTIVREC £ Kon £, va Ppeite:

1) ITote TO KtvNTO Kiveiton Katd 0 HeTt-
K] QOpd Kot TOTE KOTd TV Opvi T Qopa.

11) TT6Te 1) Ty b TE TOL KIVITOD CuiGVETO Kot TOTE UEIGVETAL

Inueiwpa : Mpoarmauto U peveg MabnUOTLKEG YVWOELS yla T AUGN Tou
NpoBAnuatoc (oeAida 92 , oxoAko I Aukeiouv)

EXO0OAIO
S(r)-5(1,)
t—t,

e sivon v(f; )20, sve, éTav TO KVNTO KIveEiTol TPOS T UPIGTEPE KOVIQ GTO [ 1o)bet
S(r)-5(t,)

t=1,

Otav &va KviTo Kiveital mpog Ta Selul, TOTE KOVIA oTo f) 1oy beL

=), omo-

< 0, omote siven v(1,) 0.

Kat (oeAida 155, oxoAkd T Aukeiou)

OPIEMOZXL

Eote pia covapmen £ goveyfc ¢ éva dwompo 4 xew Tapay@yiciuy oto
ET@TEPIKG Tov A Ou AEuE 6TL

® H cuvapmon f otpégpet Ta Kolha mpog Ta dve 1) ivol KupTi oto 4, av ) £ eivar
YVNOI®C avloVco CTO ETWTEPIKG TOV 4.

® H cuvapmon f otpéget To Koo mpog To KATG 1 sival Koikn oto 4, avn " ei-
v ywnoiec pdivouco 610 E0@W TEPIKSG TOL 4.




Kat (oeAida 157 , oxoAwd I Aukeiou)

OPIEMOZX

‘Eote jua cuvapmon frapayayiown ¢ éva ddotnpa (a. £). ne efoipeon icn &va
onueio 1oV X, Av

o 1 f eivan xwpTi) oto (@, &) ko1 Koikn oto (x,, £). 1| aviicTpé@amc. Kot
o E"r E)e1 epanTopévn oto onpeio 4 (x. x)).

1o1e To onueio A(x,. fx)) ovopdletan enpeio KopmC ™G YPUQudls TUPACTACTIS
mg £

1) Exe1dn] n cvvapnon S sivar yvioiog péivovca oto [0.4]. to xivn1o 1
t [0, t,] xeveitan kara v apvnmikn gopd. Exeidn n 5 etven yvnoiog avlovon
oto [ £, 420), TO KwTO Y £ 2§ Kiveiton Kot ) Betikn gopa.

11) Etvat yveo 16 611 1) Taimta Tow kv Tob sivar v(1) = 8'(7) o 6T TIC ypoviKeg
oTtypéc ' n C mopovoidlst woapum.
Amd To oy TPOKBTTEL OTL
— Zrto dwdompa [0.4] 1 S otpéeet To koiho kite ko dpa ) S'(7) = v(f) sivan
ywnoieg eivovca ¢ autd. Anladi n Taydmra oto [0.1] paravero.
— Zro dwdompa [£,.£,] n Sotpépet Ta xollo méve kadpan S'(r) = v(r) sivon

ywnoieg abfovca ¢° owTd. Aniadn n ToywmTa oto [£.4,] avlaverol

— Opoimg TpoxdITEL OTL Y THYUTNTA GTO [ £, 400) pEwdVETOL

t |0 f

o(f) \ / \

Aniadn, n Tayvmra ToL KivnToL avidvetal oto ddonpa [£.4] Ko ota
oeotipata [0.f ] ket [4, +o0) perdvetar

!‘3 a0




Acknon 31:

Icookehec Tpiy@vo sival sYyEYPApIEVD OE KOKAO e axTiva 1. Av 8 sivon 1 yavia
uetafl TeV icaV ThELpdY ToL Tprydvol, va artcdeifete 6TL To gpPfadov Tov sivan E
=(1+ covdmpb. Na ppeite v ipq mg yoviag & € (0, 7) yw v onoia epfabov
TOD TPLYOVOU UEVIOTOTOEITAL.

Inueiwpa : Mpoamnattoupeveg MaBnUATIKES YVWOELG yLa Tn AUonN Tou
MNpoPBAnpatog (oeAida 232, Mabnuatika I fupvaoiov)

anévavit kdBem mheupd Al

NHw = UTIOTEVOUOQ - Br
e = npookeipevn kabetn msupd _ AB
ouve = UnoTeivouoa CBr

cow — anévavn kGBem mheupd Al
Pw = nipookeljevn kaPem) MAsupd ~ AB

Kat (oeAida 112, oxoAko T Aukeiou)
Hapaywyos yivousvov

OEQPHMA

Av ot cvvaptioer £ geivon mopayeyicyie 6To X, TOTE Kat 1) cuvdptnon fg eivon
TAPUYEYIoIN OTO X; Kt 1) (DEL
(F8)() =" glag) + Flx)g'(x)

Kat (oeAiba 98, AhyeBpa B Aukeiou)




Ano 1o opBoyavio Tpiyave OBM eyovue:
(BM) = 1- nué ko1 (OM) = 1- ouvé.
Eivan opws (BN = 2(BM) = 2npf xm ()
(AM) = (0A) + (OM) = 1+ovvd
omoTE <
E=E(@)= %Enpﬁ'[l +ouvd)=nuo(l+ouvd). B A‘ r
Ta wabz O (0, 1) woyien
E'(6) = oovB(1 + covd) — qu'6

=o'l — nu'h+ owd

= g2 + cuvl,
OMOTE

E'(0)=0 < ouv2f = -ocuvl
< guvlf = ouv(r —0)

<20 =1 -0, agov O (0,71)
=0=L
3

2

To mpoanpo ™ E' ooiverol 0TOV TOpoiTe Tiveso (E'{%) 0 %o E'{H ] <0},

o Tov omoio Tpocowopilovus Ta SacTiuata povotovias ™o E Ko Ta axpdTata

aUTHC.
g 0 '3 T
E'(8) + 0 -
33 *\‘
E(§) / Ve
max

Apa, n peyiot Tipn Tov epPadon sivat Kot Topovcialetal otav # = %



Acknon 32:

"Eva oippo prixovs 20 m satifetor i

v mepippadn evog avBoxmmov oymuatog :
wuKAkoD Topéa. Na Ppeite v axtiva r v,
TOV KUKAOD, v emBupoiue va Eyovpe 4]

UEYOLADTEPT HUVETH] EMPAEVEL TOV KI|TOD.

Inueiwpa : Mpoamattovpeve¢ MaBnUOTIKES YVWOELG yLa T AUGn Tou

MpoPAnuatog (oeAida 102,103 , lewpetpia B Aukeiouv)

Im Mnkos t6§ou

Emionc. éva 160 xikhov pe wikog R Aéyetar antivie (rad).
Apa éva 160 o rad Eyet pjkog oR, onAdon

£=uR (2).

(11.7 EpPadov kukiikou topéa

Emionge. eme1dn] o kokiwog diokog (O, R) eivat topgas 2w rad
o 2 ., ’ . o
ue epfodov nR”, évag topéag o rad Ba Eyer epPodov

4 ,
y ® o= L S
in 2
Enopévac. o enfadév evog kukhikow topéo OAB a rad xat
5 axtivag R otveton amd myv wodémta
A
L Jxfhpuag 18 |

N
(OAB) = —aR’




Tvapilovps 6T to uixog ofow A rad sivan L =r -0 svid 1o gufaddv soxhmon

1,
topéa A rad eiven E = 5 Fi.

i

Emopévec, 1) TepilleTpos TOD KuKAIKOD ToIER efval:
20=2r

F

2r+ml=20=0=

JO0<r<l10

ot To epfadov Tow stvon

1 ,20-2
E(r)=—r" —=
2 r

o xabe = (0,10) wyoer F'(7)=10 - 2r, omdéte E'(r)=0<r=5.
To mpoonpo ¢ £7(r), 1 povotovia Kot To akpotata ¢ E @uivovial oTov
TOpUKATE TivaKa.

=10r=7", r=(0,10).

r 0 5 10

E() + 0

E() N

Aniodn 1 E mupovcwdilel oto =5 péyoto 1o Elr) = 25. Emopéves o avBdxmmoc
£yE1 TN MEVOADTEPY OUVATH EMPAEVELD, TV 1) AKTIVO TOD KUKAOD sfval 7 =5m.




Acknon 33:

Avo dddpopot Thatoug 1 m TEpvovTON K-
Beta (Tyfqua). Na fpeite To peyakvtepo
GLVOTO PNKOC PoC OKAANC IOV PTopPEL,
av petapepbei opléovna, va oTpiyel o
yevid.

Yréseiln:

1) Na exppacets 1a O4, OB covaptios g yaviac 8, 0 <8 < % .

11) No anobeifets om1 (AB) = L + ] = f(#).
nué ouovd

1) Na fpeite iy Tiun ™ yoviog &, yua Tpv omoia 1o AB yivetat EAG0TO.

Znueiwpa : Mpoamnattovpeveg MabnuaTKEG YVWOELG yLa Tn AUon Tou
MNpoPBAnuatog (oeAida 232 , Mabnuatika I fupvaoiou)
uaBaue ot

amévavtl kaBem) mAsupd Al
N = UTIOTEVOUOQ - Br

TiPOoKeljevn kABet mMAeupd _ AB

ouvw = urioteivouoa B
cow = anevavt kABem mhsupd Al
Pw = nipookeljevn kaPem mAsupd ~— AB

Kat (oeAida 117, oxoAiko T Aukeiou)

(1) = au™ Lo




1) Amd ta opBoyivia Tpiveva OAI kot OAB Eyovle:

(OI) (O0A) 1
ouvll =——= —— xut U =—=——
(OA)  (OA) (OB) (OB)

OmOTE

) 1 T

(OA) = ko (OB)=——, 0<f <—

ouvl nuo 2

i) (AB) = f()ﬂ}+f()3}z¢+ !
nué ouvd

111) Oswpodpue ™) cvvdpnon f(8) = L +
nué ouovd

{{}, %1 Ko ouveync oto o ua. Emmigov, yia kdbe xe {{}, %] 1T HEL

1) omoin Efvol opIGIEVT) GTO

. 3 _ o3
f,ta}:—mnu9+ nued nud —ouwv'd

nu'e  ouv’e - nue-euv’e
omOTE

F@)=0=qu'd-covd =0 nqud =cuvl < 0 = %,

apown A {{},%]_

To mpocnuo ¢ ' paiverdl GTOV TOPUKATE TivOKe, amé Tov omoio
Tpocoopilov)le To MUCTHNOTE PovoTovias TG f Kot T axpoTaTd ouTH .

T 3 3

I

1) \zﬁ/
min

Anradn, n foto 8= % napovcidlel ehayoto ( %} =2.2.

Emopéve:, To PeyahbTepo SuvaTo PKoS TS OKAALS, IOV JTOPEL, ov LeTapepbel

opllovia va oTpiyet o yarvie, sfvat 2\2m = 2,8m.



Acknon 34:

T1o dumhovo oyfua o xixhoc £yet axtiva 1 cm
K01 7] & EQATTETON GE CLTOV oTo onueio 4. To
1650 .4 M eivat 8 rad kot to £00. Tpfua AN sival
f cm. H gvbeic MN tépvet tov alova x'x o10

M

N7

A(1,0)

onueio Flx, 0). Na deifete ot Pix,0)

_ Bawvl) —nud

1) x py— =x(d) 1) rljiﬂ.l’fﬁ}: -2.

/

Znueiwpa : Mpoamnattovpeveg MabnuaTkEG YVWOELG yLa Tn AUon Tou

MNpoPBAnuatog (oeAida 53 , AAyeBpa B Aukeiou)

O TPIYOVOUETPIKOS KVKLOG

Me xévipo v apyr 0(0,0)
EVOC CLOTIUOTOS CUVIETOY-
HEVOV Kot aktTiva p = 1 ypa-

=

povpe Evav Kokio. O xixhog
aLTOS LEVETOL TPIY@VOPETPL-
KOS KUK)L.O0G.

] il T
M) 400

250°
260°5

r

Cevikotepa, av 1) TEAKH TASVPE 0C YOVIOS @ TEUVEL TOV TPLY@VOUETPIKO K-

kAo ato onueio M(x, y), 1018 woydet

CUVEO = X = TETILEVT) Tov onueiov M
e =y = Tetaypsvi tov onusiov M

3007

290"

002300




YA
B(x;.2)
Kat (oeAida 33, MaBnuoatikda
Alxin)

MpoocavatoAlopol B Aukeiou)

w Y

On covistoypeves (x,y) tov Owvoopotos pe axkpo Ta onpeio 4A(x,),) o
B(x,,¥,) divovion améd Tic GYEGEL

X=X-X Kot V=)~ ).

Kal (oeAida 164, oxoAko I Aukeiou)

OEQPHMA 1o (pﬂp{pﬂ %]

Av lim f(x)=0, lim g(x)=0, x, € R {~o0,+ o0} ka1 vrdpyer to lim _f'{x} (me-
s = <5 g0)
MEPUAGHEVO 1] GIELPO), TOTE:

tim &) _ i L&)
n g(x) *n g'(x)




1) O1 cvvietaypuévec tov onueiov M sivar (ovvd nué). Ta dovicpata
PM =(ouvl —x,nuf) xa1 PN =(1-x8) etvon coyypopupik.

Emopsvoc,
....... 6 — (2]
det(PM, PN )=0 < [C v 7~ MY
1-x (2]
< Blovvld — x)—nul(l-x)=0
< Bouvd —mpud = x — mud
{jX:HmWB—an:Xw}_
—mue
11) Eyovps
. .. Bouvl -mud .00
im0) P2 (o 3]
— tim gquvl —Onud —ouvhd
80 1-ouve
. —Bnue f , 0
= lim—E_ -
"lq;ll—mwﬁ kp.upuq ﬂ)
. —nuf -Oouvd | , 00
=1 -
00 nué l}mp{p" ﬂJ

—guvl —ouvd + Onpd

=lim
0 ooy

=7

-2
1



Ymv gpyocio ot TopovstalovTal 0l AGKNGES TOV oYoAkoD BiAiov

tov Madnpatikav [posavatolcuov g I' Avkeiov , kot ta Oéuata tov

[ToveAAadIK®V EEETAGEMV LLE TNV EPAPLLOYT TOL VEOL GLGTILOTOG KO

uetd (dnA. £t 2016-2019) , mov avaeépovtal 6 mTpoPfARUOTA |

YPNOUYLOTOIOVTOS VAIKO VITOSOUNG 0td Tol GYoMKA BiAia. dAwV TV

tdEewv tov [Npvaciov kot tov Avkeiov .

210 A u€pog ¢ epyacioc mopovstdlovtal 0l AoKNGELS TOV GYOMKOV

BipAiov katd Ke@Oato

Yvykekpiuévol

1° kepdAaio
Op1o-cuvEyelo GuvapTNONG

6 mpoPAnuora,

2° ke@GAo

A10popikdS AoyIopHOg 34 mpofAnpota
3° Kepdhato )
OAoKANPOTIKEG AOYIOHOG 6 mpofiipata

>10 B uépoc¢ mc epyasiog mapovoidloviar ta Oépata tov [aveAladikdv

eEetdoemV .
2VYKEKPLLEVOL
[ToveALad1KES : 2
2016 -2019
Enavoinmntikég kot
Ewcayoywés [aveAhadikés : 4
2016 -2019




Ta npofAnuata oto KEHAAoLo TwV OAOKANP WUATWV

AUvovtal Xwplc va XpNOLUOTIO )OO U LLE TO A0 PLOTO OAOKANRPWHA LE BAoN TLG
oényieg Tou Yroupyeiou .

@EMA: Awaysipion Sibaktéag-gfetactéag UANG twv Mabnupatukwv e I taéng
Huepnoiou Mevikou Aukeiou Kal M Kal A’ tafswv Eonepvovu MNevikoU Aukeiou yua
TO OXOALKO €tog 2019-2020

Tyet.: To pe ap. mpwt. £1o. Y.MALO. 135019/03-09-2019 éyypado

§3.1

Na 6oBel epdaon ota mpoPAnpata mou SlatumwvovTal oto oxoAwko PLpAio otnv
apxrn TNC evOTNTUC KoL va Toviotel n onpaocia tng avriotpodne dwadikaciac tnc
mapaywyLonc. Qo nrav kaho va cuintnBouv diefodikd oplopeva ano autd i ala
avdahoya, WOTE va MPOKUYEL N onNUacia TNC apXKnc ouvaptnonc.

Na gulntnBel povo n mpwtn napaypadocg mou adopd oTNV MApAyoLTa CUVAPTNON.
To «opwto oOAOKANPWUO TAPAASUTETAL KOl avii Tou Tivaka aopLotwv
ohokAnpwpdtwy va SoBsl 0 MUPUKATW TIVAKAC TWV TTAPAYOUTWY LEPLKWY POoLKWwV

CUVAPTNOEWV.
AfA ZUVdApTnon Napdyouosc
1 f(x)=0 G(x)=c. ceR!
2 flx)=1 G(x)=x+ec. ceR
1 .
3 flx)=— G(n.‘)=h1|.1"+c. ceR
v
.atl
4 f(x)=x° G(x)=——+c. c R
a+1
5 f(x)=ovvx G(x)=nux+c, ce R
6 f(x)=nux G(x)=—omx+ec. c€ R
7 f(x)= 11 G(x)=epx+c. ceR
guvX
1 >
8 Jf(x)=— G(x)=-opx+c. ceR
N x




9 f(x)y=¢* G(x)=¢"+c. ceR

X

10 f(x)=a* G(x) = ;g

+c.c= R

Inueiwpa : MpoarmattoUpeve¢ MabnUaTlKEG YVWOELS yLa T AUon
OAWV TwV MPofANUATWY TToU akoAouBoUv eival
(oeAidba 133, oxoAko I Aukeiou)

IHOPIZMA

Eote dvo cuvaptiosr; £ g opiopéve oe Eva fudomnpo 4. Av
o o1 £ geivon cuveyeic oto A xo

o f(¥)=g(X)nuxibeeowTep1K 4 onueio x Tov A,
TOTE vIApyeL oTabepd c TETow, @ote o kibe xe A va wyden

fl)=gl)+c




Acknon 1:

O mimbuopoc N(i), o exatoppopur, pog xotveviac faxmpibioy, avldaveto pe

Fa i o = r - o -
"™ ava kento. Na Ppeite v avfnon tov minbucuod ota

pubud N'(r) = ”

i

TpéTa 60 AewTd.

Auon:
1 L t t 1 L
1: N'(t) ==—=e® = N(t) =e®* +c e? | =—e®
Erreldn: N'(t) 20 (t) [( j 20 ]

OTTOTE N XxLENON TOL TTANBLOMOL OTK TIPWTK 60 AETITX, ELVXL LON ME :

60 0
N(60)—N(0) = (e® +c)—(e® +¢) =€’ —1= ekxTOUHUPLKX .



Acknon 2:

Mia fropnyovia &re1 dlomotd@aost 60Tt Yo sfoopadiaia Tapayoyn ¥ efupTudtoy
Eye1 oploKo KOCTOC X + Jx (Evpe v povade mpoidviod). Na Ppeite ™ coviptnon
KOGTOLC TS efdopadiaios mupoyaymc, av sfval YvaoTo 0Tt Ta oTabepd efoouadiaio
gfoba ™c fropnyeviac, 6tav dev Topayel koveva efaprnpa, sivat 100 (supid).

Inueiwpa : Mpoamatto U peveg MabnUOTLKEG YVWOELS yla T AUCN Tou

MpoBAnuoatoc (oeAida 124 , oxoAwkd I Aukeiou)

2. Av To GUVOIIKG KOOTOC TUPEyOYIS X povadev evos fropnyovikoy mpoiovrog sival
K(x) won 1 evvoink siempoly amd v moinen Tovs givon E(x). tote Ax) = E(x) —

K(x) givon To suvorkd képdoc ko K, (x) =

£IVUL TO HEGD KOGTOS.

i) No omodsizets 0T 0 pubBpoc perofoiijc Tov kEpdovs undevileton 6Tov o pubuoc
petofoiinc Tov KocToLS Kol 0 puBpos petufoins Ty sieapulns givel icol.

AYEH
1) O puBpoc petaforsc Tov képdou: etval
P(x)=E(x) - K'(x).
Emopsvec,

P(x)=0< E'(x)-K'(x)=0 < E'(x)=K'(x).



Auon:
Av K(X) To KOOTOC, O€ ELPW, TNG ERDOUXDILALXG TTXPARYWYNG X, EXOVHE :
x> X
K '(x) = X* +5x = K(X) :§+5?+c
ATIO TX OEDOUEVX TOU TTPOPRANMXTOC EXOUME
3 2
K(0)=—+5—+cC , omrote c=100
3 2
ETTopEVWIG, N OLUVEPTNON KOGTOULG TNG ERDOMXDLXLXG TTXRPXYWYNG ELVXL :

3 2

K(x)=>+5%1100 , x>0 .
3 2



Acknon 3:

Mia vea yedTpnon ef@pulne netpelaion £xel pubud avtinong mov diverar amd Tov
oo R'(t)=20+10¢ —%rz . 6mov K(f) eivan o apiBuoc, os yrhaddec, tov Pupelidv

Tow evTA Koy GTov: (IpéTou ufves Asitoupyias o No Ppeite méca Papéiaa
Ba Eyovv avrinBei tovg 8 mpdTovg wijves Asttovpyiag .

Auon:
‘Exoupe : R'(t) =20 +1Ot—%t2 = R(t) = 20t +5t° —%ﬁ +c
ATIO TX DEDOMEVX TOUL TIPOPBAAMKTOC EXOULE
1
R(O):20-0+5-O—Z-0 +c=c=0
' 2 l 3
KXL XPX R(t) = 20t + 5t _Zt

ETTopéEVvwg To BapeALx TToL Bxx xvTANBoULV Toug TTPWTOVG 8 UNVEC ELVAL :

R(8)=20-8+5-8° —%83 =160+5-8%-2-8% =352 y\i&dec



Acknon 4:

H 8eppoxpacia T evoc copatoc, mov nepifaiietal and éva yokTikd vypo,
EAATTOVETAL e pUBIO — Kae . 6mov a, k efvan BeTikés oTaBEepEC Kot f o Jpévoc.
H apyua Bzppoxpacia 7{0) tov chpartog sivar T + a. émov T ) Beppoxpacia

TOV VYpol 1] ool e KaTAAANAD unyavua owatnpeiton otabepr]. No Ppeite ™
BeploKpacio TOV COUITOS TN JPOVIKT] GTUY I L

Erredn: T'(t) = —xae™ = T(t) = e +c

ATTO TX OEDOMEVX TOU TTIPOPBAAUXTOC EXOUE :
TO)=T, +a kat T(0)=ce™ +c

€XOULME : T0+a:ae°+C:>To+a:a+C:>C:To

Eropévwg : T(t)=ae™ +T,



Aoknon 5:

"Evoc frowiyavoc. o omoios emevitea x yuadbes svpd o Peiticon g mapayayic
TOV EPYOCTACION TOV, aVapUEVEL va E)EL KEpboC FPx) yriuddec svpd amd autr v
emévovan. Mia avdloan g mapayanic £0e1ge om0 pubudc petafoliic Tov képdoug
P(). mov opeihetar oty enévivo avth, Sivetat amé Tov Tomo P'(x) = 5.8¢ “ ™ Nau
Ppeite To cuvodd kEpbog mov opeileTon oe abinom g enévovong and 4.000.000
eupid oe 6.000.000 svpa.

Inueiwpa : Mpoarmauto U peveg MabnUOTLKEG YVWOELS yLa T AUCN Tou

MpoBAnuoatoc (oeAida 124 , oxoAwkd I Aukeiou)

2. Av 1o GUVeLIKé KOGTOS TUPOy YIS X povadov evos fropnyovikot wpoidvrog sival
K(x) ko n ovvoinkij sicmpoln amé vy aainel tovs sivan E(x), tote Plx) = E(x) -

K(x) givon To suvoiko képdoc ko K, (x) = gival To NEGO KOGTOC.

i) No omodsicere 0T 0 pubBpos perofoins Tov kEpdovg undevieTon oTov o pubpiog
petefoinc Tov KooTOUC Kol 0 puipoc petofoins Tng sicapolng sivol icol.

AYEH
1) O poBpoc petofoinc Tou képdouc sival
Pix)=F(x) - K(x).

Emopevec,
Pix)=0< E'(x)-K'(x)=0 < E'(x)=K"(x).



Alon:

—X —X 1 =X
2 P(X) =5,8 - 200 p2000 | _ _ 2,000
Erreldn: P(X) g 200 — [[ J 5000 ]

—X

P(X) =-5,8-2.000-62%% 4+ ¢ =

—X

P(x) =-11.600-€%%0 +¢

To OUVOALKO KEPDOC TTOL OPELNETHL OTNV KXVENON TNG ETTEVOLONG XTTO

4.000.000 (= 4.000 evpw) oe 6.000.000 (=6.000 evpw) eivail

—6.000 —4.000

P(6.000) — P(4.000) =(-11.600 - 20° 1@ —( -11.600 -e2%%° 4§

=(-11.600-e° +c¢)—(-11.600-e % +c)
=—-11.600-e°+11.600-€2=11.600 -(—e*+¢e7

® 1) _11.600.0,086 =997,6
e

=11.600-(

= 997,6 XIAL&dEC evpw = 997.600 evpw



Acknon 6:

Amo TNV TOANGT) £VOC VEODL TPOIOVTOS Mi0S ETapEin; Mamotdnke 611 0 pubuoc
uetafolnc tov xéotovg K(f) divetan amd tov Tomo K'(f) = 800 — 0.6¢ (oe svpd v

nuépa), evd o puBudc uetaPoinc me sionpadng E(f) oto 18hoc Tav tnuepdv divetat
and tov Tomo £'(f) = 1000 + 0,3¢ (oe evpd v nuépa). Na Ppeite To cuvorixo
KEPGOC TNC ETAPEIOS Gmd TNV TPITH £C Kol TNV EKTI| NUEPT TaPUYY L.

Inueiwpa : MpoarmattoUpeve¢ MabnUaTIKEC YVWOELS yLa T AUGn Tou
MpoPAnpatog (oeAida 124 , oxoAko T Aukeiou)

2. Av 1o cuvoiKe KOGTOS TUPOy YIS X povadoy evos fropnyoviket wpoidvrog sival
K(x) wan n evvoiaki siempolny amé v moinen tovs givon E(x), tote Ax) = E(x) —

K(x) givon To suvorko képdoc ko K, (x) = givol To PEGO KOGTOS,

i) No omodsicete 0T 0 puBpoc perofoinc Tov képdovg undevileton oTov o pubpioc
peTefoinc Tov KOocTOUC Kol 0 puipoc petofoinc Tng sicapolng givol icol.

AYIH
1) O pBuoc petofoinc Tou képdouc sival
Pix)=F(x) - K(x).

Emopevoc,
Plx)=0< E'(x)-K'(x)=0< E'(x)=K"(x).



Alon:

'EoTtw P(t) TO KEPOOC TNC ETHKLPELXC OTLG TTPWTEC t NUEPEC .
Tote : P)=E(M)—-K({t)= P'(t)=E'(t)- K'(t)
P'(t) =1.000 +0,3-t—-800 +0,6 - t
P'(t) =200+0,9 -t
t2
Ootrote : P(t)=200-t+ 0,9-3 +C
To CUVOALKO KEPDOC TNC ETKLPELXC XTTO TNV 31 €WC TNV 6N NUEPX ELVXL:

2 2

P(6)—P(2)=(200.6+0,9-%+c)—(200-2+0,9-2?+c)

=1216,2-401,8 =814,4 evpw



Ymv gpyocio avti TopovstalovTal 0l AGKNGES TOV oYoAkoD BiAiov

tov Madnpatikav [posavatolcuov g I' Avkeiov , kot ta Oéuata tov

[ToveAAadIK®V EEETAGEMV LLE TNV EPAPLLOYT TOL VEOL GLGTILOTOG KO

uetd (dnA. £t 2016-2019) ,mov avagépovtal oe TpoPAnLaTa

YPNOUYLOTOIOVTOS VAIKO VITOSOUNG 0td Tol GYoMKA BiAia. dAwV TV

tdEewv tov [Npvaciov kot tov Avkeiov .

210 A u€pog ¢ epyacioc mopovstdlovtal 0l AoKNGELS TOV GYOMKOV

BipAiov katd Ke@Oato

Yvykekpiuévol

1° kepdAaio
Op1o-cuvEyelo GuvapTNONG

6 mpoPAnuora,

2° ke@GAo
Aa@opikog Aoyiouog

34 wpofAnpato

3° Kepdhaio
OLoxANpoTIKOS AOYIoUOC

6 mpoPAnuota

>10 B uépoc¢ mc epyasiog mapovoidloviar ta Oépata tov [aveAladikdv

eetdoemv .
2VYKEKPLLEVOL
[Movelhoduég : 2
2016 -2019
Enavoinmntikég kot
Ewcayoywés [aveAhadikés : 4
2016 -2019




To 0épata TV HHovelhadKOV e£ETAGEMV NE TV EQUPHOYN TOV VEOV GUGTI|LOTOG
Kot peta (onh. £t 2016-2019).

1. Ernavainnnkéc Efetdoeic Hpepnoiov 2016
OEMAT

3. 'Eva onueio M KiveiTal Kard PAKOG TNG KAUTIUANG Y = x3, x20 pe X=X(1) kai
y = y(t). Na Bpeite g Tol0 onueio TNG KAPTTUANG O PUBUOC METARBOARS TNG
TeTaypévne Y(t) Tou M gival ico¢ pe To puBud peTaBoAnc Tne TeTunuévne X(t), av

utroteBei 6m X' (t)> 0 yiakade t> 0.
Movadeg 4

Inueiwpa : MpoamattoUpeve¢ MabnUaTIKEC YVWOELS yLa T AUGN Tou
MpoBAnuatoc (Aeg tnv doknon 6, Ked. 20)

Avon  (zqyn: Lisari team)

I3.Tw t20 sivar y(t)=x"(t). omote

Y (0)=32 (1) (1) (1)
[w t=t, ot ( 1} gtvat

¥ (o) =3x"(to)x (1)

Otav v (t,)=x (t,) &yovue

x(th=0 1 z(t)=0 1,1"5

Kr(tu}=3xz([0}xr([0) < Xj(t0)=: & x(ty)=—

Emiong

, (3B , . . o .
ZUVETMS GTO GNLEID <o |° pubLos petafoins e tetaypuévne v(t) eivat icog pe to pubudc

pnetafoing me tetayuévig y(t).



2. Eravoinnnkég EEetraoerg Hpepnoiov kon Eonepivovy 2017

©@EMA B

Aivetar T0 TeTpdywvo ABlFA Tou QdiTTAavou
OYXAHATOC ME TTAEUpd 2cm. AV To TeETpdywvo EZHO
EXEl TIC KOPUQPEC TOU OTIC TTAEUpEG Tou ABIA:

B1. Na tk@pdoeTe TRV TAeUpd EZ cuvapTAgel Tou
X.

Movadec 6

B2. Na aTmodeifeTe 0TI 10  gMBadov  Tou
TeETpAaywvou EZHO JiveTdl amd T ouvdpTtnon:

f(x)=2x>—4x+4, 0<x<2

Movadeg 4

B3. Na BpeiTe yia TToIEG TIHEG TOU X TO tpPadov Tou TeTpaywvou EZHO
YIiVETAl EAAYICTO Kdl yid TTOIEC HEYITTO.

Movadec 9

Inueiwpa : MpoamattoUpeve¢ MabnUaTIKEC YVWOELS yLa T AUCn Tou
MpoBAnuatoc (Asc tnv doknon 20, Ked. 20)

AvYen (mmyn: Lisari team)

B1. To tpiy@vo EBZ sivan opBoy@vio onote ano ITuboyopseio Osopno £f0VLLE:
EZ’ —EB’+BZ’ ©EZ’ =x*+(2-x) © EZ=+2x’—4x+4

B2. En=101] 10 1eTpamicvpo @EZH eivol TETPUY®VO EYOVLIE:
(OHZE)=EZ’ =2x* —4x+4
Emiong, EB=x20 ko BZ=2-x20 oniaon x=2 dpa 0=x <2. To gufaoov tov
tetpayevov EZHO Givetan amo 11 GuvapTion
f(x)=2x"—4x+4. 0<x <2

B3. Oo peiemoovpe v £ o¢ mpog ta axpotata. H f etvon cuvey)c oto [0, 2] KO TOPOUy@YIGI)
oto (0,2) pe f'(x)=4x-4.

To mpdonpo mg £'(x) kon 1) povotovia g f eoivovia oTo mepakdte mivaka:
X 0 1 2
f'(x) - +
f N /

apa 1 f etvor 1) yvnoiog elivovca GTo [G. l] KO Yv1|oieog ovsovoa 6To [1.2] emoneveg N f
Tapovoidlel LG I0To 6T0 X, =1 Kot péyiota ota onueia x; =0 pe £(0)=4 kot x, =2 pe
f(2)=4=1(0).



3. Eweayoyikég Eetdoeg (EEwTtepikov) 2017

©EMA T

AiveTal 10 TeTpdywvo ABlFr4A Tou OQimhavou
OYXAMOTOC Me TTAeUupd 2cm. AV TOo TETpAdywvo EZH®
EXEI TIC KOPUWPEG TOU OTIC TTAeUpEG Tou ABTA:

M. Nao esk@pdoeTe Tnv TAsupd EZ cuvapThnoeEl

TOU X.
Movadeg 6
r2. Na amodei€ete oTI TO0 epPadov Tou :
TETPAYWVOU EZHO diveTal aTmo ™ A E B
guvdpTnon:

f(x)=2x> -4x+4, 0<x<?2

Movdbecg 4

F3. No BpeiTe yla TOIEG TIHES TOU X TO eMPBadoOV Tou TeTpaywvou EZHO
YVIVETAI eAAXICTO KOl YId TTOIEC HEYIOTO.

Movadeg 9

Inueiwpa : Mpoamauto U peveg MabnUOTIKEG YVWOELS yLa T AUCN Tou
MpoPAnpatog (Aeg tnv aocknon 20, Ked. 20)

Avon  (myn: Lisari team)

I'l. To tpiyeovo EBZ gival opBoy@vio onote amo ITuBayopeio @empilia £F0VLLE:
EZ'=EB’+BZ* ©EZ =x’+(2-x) ©EZ=v2x’—4x+4

I'2. Encio1] 10 tetpomicvpo OEZH sival TETPUY@VO EfOVLLE:
(OHZE)=EZ® =2x" —4x+4

Emione. EB=x20wx01 BZ=2-x20 onioon x=2 dpa 0=x<2.

To epfaodv tov tetpayovor EZH® Sivetol amd 11 Guvdpmon
f(x)=2x"—4x+4.0<x<2

I'3. ©@a peiemoovpe mv f g mpog 1o aKpoTUTO.
H f sival cuveync ato [0.2] Kol TOPUy@YIcIUT OTO ({).3) LIE

f'(x)=4x-4
To mpéonuo g £'(x) kat n povotovia g f eoivovial 6To Tapoxdre Tivoka:
X 0 1 2
f'(x) - +
f N\

dpa 1) £ givor 1 pynoiog gbivovoa oto [0.1] kat yvnoing eviovow oto [1.2] emouévesn £
Tapovcidlel EAdYIGTO OTO X, =1 Kot Néyiota oTa onpeio X, =0 pe f(0)=4 kot x, =2
ne £(2)=4=1£(0).



4. Moaverrookég EEetdosig Hugpnoiov 2018

OEMAT

‘Exoupe éva cuppa PRiKoug 8 m, To oTroio KOBoupe ot dUo TURMaATd. Me To éva

dTro dUTd, HAKOUG X M, KATAOKEUA{OUUE TETPAYWVO Kdl JE TOo dAAO KUKAO.

M. Na amodeieTe OTI TOo dBpoigpya Twv gdpadwv Twv U0 OXnUATWV Ot
TETPAYWVIKA HETPA, CUVAPTAOEI TOU X, Eival

(11+4)x* - 64x + 256

161

E(x)= , x€(0,8).

Movadeg 5

Fr2. Na atmodeifeTe OTI To dBpoioyd Twv tdpadwv Twv dUo oYnHATWV
ehayIOTOTIOIEITAI, 6TAV N TTAEUpd ToU TETpAywVoU IoouTal ME Trn SIAUETPO

TOU KUKAOQU.
Movadeg 10

Inueiwpa : Mpoamattov peves MabnoTLKEG YVWOELS yLa T AUon Tou

MpoPAnpatog (Aeg tnv aoknon 22 , Ked. 20)

AvYen (N mathematica.gr)

ri.

‘Eotw x (og pétpa) To prikoc Tow alppatoc mouw Ba ypnowonownBel yia To tTetpdywvo. Adol to alppa
eival 8 m, Ba eivar x £(0,8) . Onote To prjkog Tou clppatog mou Ba yproyononBel yia tov kikho Ba

slval 8-x m.
\ . , X
H mAeupd teTpaywvou elvata==m.
4

8_
To pAkoc L= 2nR tou kOkAou eivan (oo pe 8-x m omote égoupe 2MR=8-x < R=2—K.
n

H aktiva Tou kOkAou eival houdv lon pe R=? m, x<(0,8).
T

Tuvenmwce n guvdptnon Tou abpoiopatoc Twv epfadwy Ba elval:
X (8-x) +|{8-x]2 _ [m+4)x* -64x +256

Ex)=c” +R* =—+m e x=(0,8).
) 16 4 16 4n 16m H (0.8)




(m+4)x* -64x+256
lom

, ou &ivel to ohkd epfabdo, sivon mapaywyiown oto (0,8) pe

2. Houvaptnon E(x)=

E'(x)= [+ 4p¢ -64x+256 | =

-TI:+ X" - x+ Y
(m+4)x®-64x+256 | 1
1

16m b

1 1
—ﬁ[z{n +4)x —64] _E[{H +4)x ‘32]

. 1 32
loybet 61 E'(x)=0< —[(n+4)x-32]=0 < (n+4)x-32=0<x=
an m+4

Kalt E'{x}::-D@i[[n+4}x—32]}ﬂ<:>{r|:+4}x—32::-0<:>x} 32 )
an m+4

Tuvemwe, n ouvaptnon E(x) elvon yvnoiwe ¢Bivovoa ato [0, } kal yvnoiwe adfouvoa ato

m+4

[ 32 ,8}. Omnote n ouvaptnon E(x) £xeL eddyoto otn Béon x=

m+4 n+d4
32
X —=
0 n+4 8
I
E'(x) - 0 +
E[)(:I \ /
. . , , . , ¥ 8—x 32 , ,
H mAeupd Tou TeTpaywvou yivetal ion pe tn dudpetpo otav ey SxX= 2’ TIoU elval r T
m m+

yua tnv omoia n E(x) éxel eddyoto.
Apa, 6tav n mMAsUpd TOU TETpaywvou yivetal ion pe Tnv duapetpo tou KUkAou, ToTE To abpolopa Twy

eppadwv ehayloTonoleital .



5. Moavelhaokég EEetdoeis Eonepivov 2018

©EMA A

‘EXoude éva gUppa HAKoug 8 m, To oTroio KOBoujde ot Suo TUAMaATd. Me To éva

atod auTd, HNKOUG X M, KATAOKEUA{OUHE TETPAYWVO Kdl HE TO dAAO KUKAOD.

A1. Na amodeifeTe OTI To dBpolgua Twv edBadwv Twv dUo gYnMATWV JE
TETPAYWVIKA HETPA, CUVAPTAOEl TOU X, Eival

('I'I'+4)X2 — 64X+ 256
E(x)= :
161T

x €(0,8).

Movadec 5

A2. Na atmodeifeTe OTI To dBpolgdad Twv gdBadwv Twv Buo agynpdTwy
eAAYICTOTTOIEITAl, OTAV N TTAEUpd TOU TETpdywvou IoouTal JE Tn SIdETpoO

TOU KUKAOU.
Movadeg 10

Inueiwpa : MpoamattoUpeve¢ MabnUaTIKEC YVWOELS yLa T AUCn Tou

MpoBAnuatog (Aeg tnv doknon 22 , Ked. 20)

on  (myn: mathematica.gr)

Avon

Al.

‘Eotw x (og étpa) To prikoc Tou abppatod mou Ba yprowwomownBei yia to tetpdywvo. Adol 1o clpua
eivar 8 m, Ba eivar x £(0,8) . Onote To prjkog Tou ouppatog mov Ba ypnoyionownBel yia Tov kikho Ba

slval 8-x m.
; . , X
H mAeupd teTpaywvou elvata==m.
4

8_
To pAkoc L= 2nR tou kikAou elvan (oo pe 8-x m ondte égoupe 2nR=8-x < R=2—K.
n

H aktiva Tou kOkAou eivar houtdv lon pe R=? m, x<(0,8).
T

Tuvemwc n ouvaptnon tou abpoicpatoc Twy epfadwy Ba eival:
2 2 2 2 s
E[K]=U'-2+TLRE=K—+R(8 ?';}l =K_+[E x)" _(m+4)x 54;..;4.255’
16 4T 16 4n 16m

ue x=(0,8).



(r+4)x* - 64x +256
16m

, Tou &ivel to ohkd epfabdo, sivon mapaywyiown oto (0,8) pe

A2. Houvaptnon E(x)=

([ +4)%2 -64x +256
16m

E'(x)= ] = 11 [[r[+ 4)x* -64x + 2561J =

b

1 1
:a[z{n +4)x —64] ZE[{H +4)x ‘32]

, 1
loyve 6T E'(x) =0 —[(n+4)x-32]=0 < (n+4)x-32=0<x= :
an m+4

KoIL E'l{x}::-[]-:}i[{n+4}x—32]}{]ﬁ(n+4}x—32>ﬂ-:>x::— 32 .
an m+4

Tuvenwe, n ouvaptnon E(x) elvan yvnolwe ¢Bivovoa oto (D, } kal yvnoiwe avfovoa ato

m+4

[ 32 ,8}. Onote n ouvaptnon E(x) éxel eldyoto otn Béon x=

n+4 m+4
32
X ==
0 +4 8
|
E'(x) - 0 +
E[)(:I \ /
, . , , . , Xx 8-x , ,
H mheupd tou teTpaywvou yivetal ion pe tn dudpetpo otav E: =t 2’ TIOU ELVaL 1] TN
n nm+

yia tnv omoia n E(x) exel eAdyoto.
Apa, Otav ) MAEUPA TOU TETpaywvoU yiveTal ion e TNV SLdpeTpo tou Kok ou, TOTE To abpolopa Twv

epPaduwv edayloTomoLeitar .



6. Iavelhaokég E€etacearg 2019

OEMA T
AiveTal n Tapaywyicigyn cuvapTnaon

x> +a, X221
f(><>={ -
e’ +pPx, x<1.

M. Na amodeigete om a=1ka1 p=1.
Movadeg 5

r4. ‘Eva onueio M(X,y) kiveital katd pAkog TNG kKapmouAng ¥y =f(x), x=1.

Tn xpovikn oniyun t, kata tnv omoia 1o onueio M BiépxeTal amé To
onueio A(3,10), o puBudg peTafoARg TG TeTUnMévng Tou onueiou M
gival 2 Jovadeg avd deuTepOoAeTiTo. Na BpeiTe Tov puBud HeTaBoAng Tou

A
eupadou Ttou Tpiywvou MOK 1n xpovikh omiyur t,, émou K(x, 0) kai

O(0, 0).
Movadeg 8

Inueiwpa : Mpoamattov peves MabnOTLKEG YVWOELS yLa T AUon Tou
NpoBAnuatoc (Aeg tnv doknon 8 , Ked. 20)

Aven  (mqy: Kapayravwng loavvng ,Suvrovioric Ekmraideutikol Epyou, 20 MNME.K.E.5.
N. Aiyaiou)
To enpaudov E tov tprycovor MOK sivou:
1 . 1
E = ;(GK)- (KM)=—xp- ¥y (1)
OOV X 1) TETUNUEVT] TOV onueiov K wo y,, 1) TeTayuevn tov onueiov M.
Agov xp=xzL y,=x+1 n(l)yivetou

E=%r(x1+1}. xz1



Eme101 10 X = X &ivol GovdpTioT) TV ¥povou t EYOuLLE:
E(t) = %x(r)[f(r) +1). x(f) 21
O poBuodc petaPfoine tov E(f) sival ) mopdyeyos og mog t:
E(0)=2(R0x 0 +50)
TNo =1, eivor x'(t) = 2.x(f,) =3 wo1 dpa

1 - -
E(ty) = E{S -3 -2+2) =28 tetrpuyayikés novades ava deutepdlenTo.



