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Alvourn onueiou we mpoc xOxho - Pilixdc dfovoag

1 Egpopuoyvég oe opoia Tplywva

ITeoBAnua 1. Av a,b Oetixol mpaypatixol aprduofl, va kataokevdoete yewpe-
To1Kd, TOV YEWUETPIKS TOUS LL€TO.

TMe6BAnue 2. Na kataokevdoete jie §lo tpdnovs yewuetpiid tov \/2.
Mropeite va kdvete to 1610 ya Toug V3,V5,V6,V/11, V/2;
Apaotnpistnta Pwtédevtpov

"Aoxnorn 1. Na eetaotel av vndpyer tptywvo pe unikn mevpdr a=T7,b=8,c =
15. MetaBdAAete to purjros tng mevpds ¢ katdAAnia, epéoov ypedletal, vote va
oxnuatilerar tpfywvo ABC. Ilow elvar n peyaditepn ywvia tov tpiyorov avtol;
oo efvar To €dog TOU TPIYWYOU WS TPOS TIS YWVIES TOU;

2  Alvoun onueilov wg npog xOxAo

BOedpnua 1 (Téuvovoeg Kixhov). Av P onueio extds klkAov kar PAB, PI'A
TéUVOUo€S Tov, toTe va anodety Vel ot

PA-PB=PI'-PA

Av upia téuvovoa yiver epantopuévn tov kUkAov, mds dapoppdvetal i tapandro

oxéon;
Apaotnpidtnra
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http://photodentro.edu.gr/v/item/ds/8521/5856
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2 AYNAMH YHMEIOY QY ITPOYX KYKAO 2.1 Opopgyiéc...

Opiopbc 1 (Advopn onuelou we mpog x0xho). Av P onueio tov emmnédov, &
n anéotaoct) Tov ané to kértpo tou kar R n aktiva tov ovoudletar Svvaun tovu
onueiov P, wg mpog tov kVkAo (O,R) n

A(P,O,R) = 6* - R*
"Aocxnorn 2. Na diepelvnoete mow n oxéon tns Béong evés onpeiov wg mpog
000 U€vo KUKAO Kkai Tou TPoonUov TNS GUValNS TOU ws TPOS auTov.
2.1 OpoppLécg...
"Aoxnorn 3. Na lvdel n e€lowon
2

2 +axr-a*=0, aeR (1)

IMebéBAnpa 3 (Tewpetpnd| xataoxevy| tne Aong). Me ta tapakxdtow fripata Ya
emrevy el yewpuetpixn kataokevn - enilvon tng egicwons 1 ya a > 0.

e Nua mpooodiopioete tn Jetikn pila tng ekiocwong 1

e Na vroloyioete to Adyo ¢ = 2.

e Na vroloyioete to Adyo =

e Na arodeitete 6n z(x +a) = a®.

o Kataokevdote tunua AB = a.

e Bpetre onpeio I' eowtepixd tov AB, dote AT? = AB- BT.
Trodeitn 4.1
Yrédeitn 4.1

"Aocxmnon 4. Na anodery el 6t
= 1
1 =1+ "
2. p+1=¢?

ITe6BANua 4. Na vroloyotoly o1 Adyor twv dadoyikdy dpwy tng akodovdiag
Fibonacci.
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3 TIPOBAHMATA

Meégocg 11
10213-10/12/2021 - "Alhec

EPALUOYES
3 IlpoBAAupota

‘Aoxnon 5 (Avisétnra und cuvidixn). Av 0 <a,be<1l kaia+b+c=2 rva

anobery Vel ot
8(1-a)(1-b)(1-c)<abe

16ve 1wyva n wétna ;
Adon 4
"Aoxnomn 6 (Avsétna). Av x <1 va anoderyOel éni:
2 1 1
< +
V2-2 V1-z 3-z

Avon 5
"Aoxnon 7 (IlpéPinue o xOxho). Av ya tous a,b € R woxva du:
(a-3)2+(b-3)2=6
va fpedel n péyotn ka1 n eAdyrotn Tiur wov aprduod k = ¢, epdaov vndpyouvy.

"Aoxnon 8 (Awvisétnta und ouvidfxn). Av a,b,c Betikol mpayuaticol apidpol
TETO101, WOTE:

(ab)? + (be)? + (ca)* =3
va anoderyJel oti:

(> -a+1)(V*-b+1)(F-c+1)21

IMebéBAnua 5 (CEMC Uwaterloo). IInyn Téooepeis paintés o Avdpéag, o
Baoiing, n I'ewpyia ka1 n Arjuntpa, kalévag tous datinwae dlo npotdoelg, dote:
o ¢évag uantng eine Pépata kar otg 6o mpotdoe,
o ¢évag uadntng eine aAndeaa ka1 onig dvo mpotdoe,
o 0V0 paiintés efnav aAnlea oe uia npdracn kar Péuata oTny dAAN.
Yuykekpipéva o1 Tpotdoes mov datinwoay frav:
o O Avdpéag efne: «O Baoikng eine akpifads pia popd hépatay kar «H Anjun-
Tpa €ine OV0 Popés Péuatas.
e O Baoikng eine: «Ae AMéw Pépata notély ka1 «O Avdpéag de Aéer eniong moté
Péuataly.
o H I'ewpyia eime: «H Anuntpa €ine Péuata 0o @opésy kar «O Baoilng o€
Aéer Ppépata motély
o H Anunzpa €ine: «O Avdpéag eime péuata 600 @opésy ka1 «Eyd de Aéw
Yéuata motély
Iowg eime dUo popés Péuata; Ilowog dev eine PYéuata noté; Ilowog elne Péuaza
axp1fas pia popd;
Avon: 4
IMeb6BAnua 6 (CEMC Uwaterloo). H Elevlepia emidéyer téooepes apiduols.
Orav kaVévag and avrovs mpootelel otov pnéoo dpo Twy dAAwy TPy, Tpokintovy
Ta e€rjs anoteAéouata avtiotoya: 25,37,43,51.
Na BpeOet 0 péoog dpos twr teoadpwr apriudy nov enédeée n Edevlepia.
IInyn Avon 4
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https://cemc.math.uwaterloo.ca/resources/potw/2021-22/English/POTWE-21-C-12-S.pdf
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4 TYIIOAEIZEIY - AYYEIX

4 Yroodeieg - AVoelg

Avicotnta 1

Av 0<a, b, c<1 kou a+b+c=2 vo amnodeilete o1
8(1-a)(1-b)(1—c) < abe

[167€ 10y0eL  10o6TNTOL,
AYEH

a=(1-b)+(1-c)=22,/(1-b)(1-c)
b=(l-a)+(1-c)>2(1-a)(l-c);=>abe>8(1-a)(1-b)(1-c)
c=(1-b)+(1-a)22{(1-b)(1-a)

Hwomta aveatpovo avl-a=1-b=1-c¢=>a=b=c.

SnA. u:b:c:§‘

Av 0<a, b, c<l kot a+b+c=2 va amodeilete OtU
8(1-a)(1-b)(1—c) < abc

[167e 1oy0eL N 1w6oT T
(1)
Ao tov Navaywwtn Aavouaon
Abon
> (1)< 2(1-a)-2(1-b5)-2(1-c) < abe(2)
>2(1-a)>0=>2-2a>0=b+c>a

cta>ba+b> C(3)

TPOKELTAL — Y10 — UNKT) — TAsVpOV — Tptyvov — ABC
B2r=a+b+c=2=>r=1(4)

2-2a=b+c—a= 2(1’—51)

E= \/r(r—a)(r—b)(r—c) = \/(l—a)(l—b)(l—c) (3)

> (2) & 8E® <abc < 8E* <4RE < 2E <R & 2tp< R & 2p < R(true)

> oot < R =2p < ioonlevpo —piyovo < a=b =c=%
shasapis@gmail.com Ywrrpiog A. Xaodnng 4
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4 TYIIOAEIZEIY - AYSEIY

Anddeén.

b A=v1-x,B=2-x,C=3-x= A< B<C(2)
(2)
>(1)<:>£<%+%<:>2AC<AB+BC<:>A(C—B)<C(B—A)
A(C*-B*) C(B*-A)cpa 4 C
< = <
C+B B+A #B-42C+B B+A4
© AB+ 4> <C*+CB & (C* - 4*)+(CB- 4B)>0
<:>(C—A)(C+A)+B(C—A)>O<:>(C—A)(A+B+C)>0(true)

& A(B+4)<C(C+B)

>A=\1-x,B=v2-x,C=3-x

>2B% = A2+C2>2AC:>BZ>AC:> \/7\/7
B? AC B C 2 A C

2 1 1
SS<—+—
B

JUVENWG armodeixTnKe.

Avicotnta 2
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4 TYIIOAEIZEIY - AYSEIY

‘Aoxnon 8 Evdeutnh Aoon:
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4 TYIIOAEIZEIY - AYYEIX

ITeéBANua 1 5

We will solve this problem by first figuring out who must have lied twice,
and then figuring out who must have told the truth twice. 1. Who lied twice?

(a) Assume that Nathaniel lied twice. If so, “Elizabeth lied once” is a lie.
Therefore, “Elizabeth never lied” or “Elizabeth lied twice.” But “Elizabeth never
lied” cannot be true because Elizabeth says, “Nathaniel never lied.” This con-
tradicts our assumption that Nathaniel lied twice. Also, “Elizabeth lied twice”
cannot be true since that means Elizabeth and Nathaniel both lied twice and this
contradicts the fact that only one person lied twice. Therefore, our assumption
that Nathaniel lied twice is false.

(b) Assume that Elizabeth lied twice. If so, “Nathaniel never lied” is a lie.
Then, Nathaniel lied twice or Nathaniel lied once. Nathaniel cannot have lied
twice since both he and Elizabeth would have lied twice and this contradicts the
fact that only one person lied twice. But “Nathaniel lied once” is also false since
“Elizabeth lied exactly once” is a lie (we assumed she lied twice) and “Joel lied
twice” is a lie because it contradicts the assumption that Elizabeth lied twice
(and only one person can lie twice). Therefore, our assumption that Elizabeth
lied twice is false.

(¢) Assume that Libby lied twice. If so, “Elizabeth never lied” is a lie and
“Joel lied twice” is a lie. Since “Elizabeth never lied” is a lie, then she lied twice
or she lied once. But if Elizabeth lied twice our assumption that Libby lied twice
cannot be true since only one person lied twice. If Elizabeth lied exactly once,
then “I never lie” must be the lie and “Nathaniel never lied” must be true. But
if Nathaniel never lied, then “Joel lied twice” must be true and this contradicts
the fact that only one person can lie twice. Therefore, our assumption that
Libby lied twice is false.

We are told that one person lied twice and none of Nathaniel, Elizabeth or
Libby lied twice. Therefore, by elimination, Joel is the one who lied twice.

2. Who never lied?

(a) Assume that Elizabeth never lied. Then her statement that “Nathaniel
never lied” must be true. Then, there are then two people who never lied. This
contradicts the fact that only one person never lied. Therefore, our assumption
that Elizabeth never lied is false.

(b) Assume that Libby never lied. Then her statement that “Elizabeth never
lied” must be true. Then, there are then two people who never lied. This
contradicts the fact that only one person never lied. Therefore, our assumption
that Libby never lied is false.

Joel lied twice. Elizabeth and Libby lied. Therefore, by elimination, Nathaniel
is the one who never lied. It then follows that Elizabeth and Libby each make
one true statement and tell one lie.

We can now check our results.

Nathaniel never lied. Then his statements are both true. Elizabeth lied
exactly once is true and Joel lied twice is true.

Elizabeth lied once. Then one of her statements is true and the other is a
lie. Her statement that she never lies is a lie and her statement that Nathaniel
never lies is true.

Libby lied once. Then one of her statements is true and the other is a lie.
Her statement that Joel lied twice is true and her statement that Elizabeth
never lied is a lie.

Joel lied twice. Then both of his statements are lies. Nathaniel lied twice is
a lie. And his statement the he never lies is a lie.

op 6 Let a, b, ¢, and d represent the four numbers. It is possible to precisely
determine the four numbers, but the problem asks for only their average, which
is a+b+c+d/4 . When the first number is added to the average of the other
three numbers, the result is 25. Thus, a + <4 = 95

which can be rewritten as 3a + b + ¢ + d = 75 (1) When the second number
is added to the average of the other three numbers, the result is 37. Thus, b +
a + ¢ + d 3 = 37 which can be rewritten as a + 3b + ¢ + d = 111 (2) When
the third number is added to the average of the other three numbers, the result
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4 TYIIOAEIZEIY - AYYEIY 4.1 Xpuot topun Trodelelg

is 43. Thus, ¢ + a + b + d 3 = 43 which can be rewritten as a + b + 3¢ + d
= 129 (3) When the fourth number is added to the average of the other three
numbers, the result is 51. Thus, d + a + b + ¢ 3 = 51 which can be rewritten
asa + b + ¢ + 3d = 153 (4) Adding equations (1), (2), (3), and (4), we obtain
6a + 6b + 6¢c + 6d = 468. Dividing this equation by 6 gives a + b + ¢ + d
= 78. It follows that a + b + ¢ + d 4 = 19.5. Therefore, the average of the
four numbers is 19.5. Although it is not required, we could solve the system of
equations to determine that the numbers are: 1.5, 16.5, 25.5, and 37.5.

4.1 Xpuon tour] Yrodeilelg
YTrodeEn 1 Ouundeite oto Yedpnua tepvousdy xdxhov 6w PA-PB = PC -
PD = PE*

YnoddeEn 2 Koatooxevdote oto dxpo B tou AB = a egoantduevo xOxho oxtivog

R=4.

0

A

X I B

Syfiua 1: Tewpeteunr) xotaoxev| g Yeuonc Toung
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